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Available online 21 June 2009 inside the slab depends on the x-variable. The goal is to calculate the reflection and trans-

mission coefficients by this space-varying slab. For low concentrations of cylinders, two
methods are developed from Twersky's theory on the propagation of coherent waves in
an effective medium. The first method is based upon the discretization of the properties
of the space-varying slab. The second one is based on the WKB method. They are success-
fully compared in the case of a smooth space-varying slab in which the random distribu-
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face between two different effective media as well as at the interface between the space-
varying slab and a homogeneous fluid.
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1. Introduction

Multiple scattering by random arrangements of scatterers is a topic with an extensive literature. See, for example, the
recent books by Tsang et al. [1] and Martin [2]. A typical problem is the following. The space is filled with a homogeneous
compressible fluid of density p and sound speed c, and a fluid slab-like region, 0 < x < d, contains many randomly spaced
scatterers. In the following, the scatterers are elastic parallel circular cylinders, with axes normal to the x direction, so that
the problem is a two-dimensional one (cf. Fig. 1). As a time harmonic plane wave with wavenumber k = w/c (w is the angu-
lar frequency) is incident upon the slab (cf. Fig. 1), what are the reflected and transmitted waves? The acoustic fields cannot
be computed exactly for a large number of cylinders. This is the reason why another problem is solved. The slab is replaced
by a homogeneous effective medium in which coherent plane waves propagate. After Twersky [3], coherent plane waves can
be interpreted as the average of the exact fields calculated for a great number of random configurations of the scatterers.
They are characterized by a complex wavenumber K. usually called effective wavenumber. The earliest modern work on such
a problem is due to Foldy [4] and a large number of papers have been published since. Most of them are mainly focused on
the effective wavenumber calculation [5-15], while few of them actually deal with the reflected and transmitted fields
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Fig. 1. Geometry of the uniform slab.

[16-21]. This point is important to notice because it is not obvious to relate the reflection and transmission coefficients of the
slab, Ryq, and Ty, to the effective wavenumber. Nonetheless, it has been shown in Refs. [16,19,21,22] that
T]ZeikefdeZI ei'<efde21
1-— R%] e2iKegrd
Type™ Ty,
1_ RgleZiKeﬂd

Rap = Rz + = Riz + Ty Ry €Ty + - (1.1)

Tsap = = T12€™09Ty; + Trpe®r? RS, e2Ker Ty + - .. (1.2)
where Ry is the specular reflection coefficient at the first interface of the slab, T15(T,) is the transmission coefficient at the
interface between the homogeneous fluid, labeled 1, (slab, labeled 2) and the slab, labeled 2, (homogeneous fluid, labeled 1),
and R, the specular reflection coefficient inside the slab (cf. Fig. 2). Eqs. (1.1) and (1.2) correspond to Eq. (21) in Ref. [16] and
to Egs. (42) and (46) in Ref. [19], with —R;» = R;; = Q = Q' and T1,T»; = 1 — Q2. Of course, the analytic expression of Q de-
pends on the theory used: Q is defined in Ref. [16] for Twersky’s theory (cf. Eq. (3.11)) and in Ref. [19] for Fikioris and Water-
man’s one (cf. Eq. (4.12)). The physical meaning of Egs. (1.1) and (1.2) is clear. First, the slab looks like a fluid plate in which
waves propagate with wavenumber K. Second, the slab can be considered as a usual Fabry-Perrot interferometer (cf.
Fig. 2).

If the concentration of scatterers is low enough, the impedance ratio between the homogeneous fluid and the slab is close
to 1, so that |Ry;| =~ 0 and |T12| = |T21] =~ 1. It follows that Ty, can be approximated by

Tap ~ €™er? (13)
so that
Im(Ke) ~ —Log|Tsas| /d (14)

This last relation has indeed been successfully used, at low concentration, in order to evaluate the attenuation of the coher-
ent waves that propagate through the slab from experimental transmission data [23,24].

In all the papers cited previously and even for scatterers of different size [25], the random distribution of scatterers is
always assumed to be uniform in space. However, in many cases, as in sediment suspensions, bubbles, colloids, the concen-
tration of scatterers depends on space. It is also the case for polydisperse media when a significant number of smaller par-
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Fig. 2. Reflection and transmission by the uniform slab.
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ticles can fit into the interstices between the larger ones. Clustering, or non-uniform concentration of particles, is com-
monly found to occur as a result of scatterers entrainment in fluid flows. In such cases, the particle size distribution can
be strongly modified and the propagation of waves as well [26]. Our paper deals with a similar but simpler case, the re-
flected and transmitted waves by a slab in which the concentration and/or the size of the scatterers, rather than uniform,
depends on the x-space variable. The goal is the generalization of Egs. (1.1) and (1.2) to such a space-varying slab. Two
different methods are developed. In the first one, the space-varying slab is discretized into several layers in which the ran-
dom distribution of scatterers is uniform and an effective medium theory is developed in each. In other words, the space-
varying slab is considered as a stack of “uniform slabs”. In the second one, the spatial variations of the random distribution
are assumed smooth enough for the relevancy of the WKB method [27]. For both methods, a crucial point is the knowl-
edge of the boundary conditions at the interface between a homogeneous fluid and a uniform slab, as well as that at the
interface between two different uniform slabs. The continuity of pressure between the surrounding homogeneous fluid
and a uniform slab has been shown in Refs. [16,19], as used in the derivation of Egs. (1.1) and (1.2). Surprisingly enough,
however, continuity of the normal displacement is not required in this derivation. We still do not understand clearly the
reason why it is not needed in the calculation of the reflection and transmission coefficients of Egs. (1.1) and (1.2), but we
show nonetheless that this latter continuity condition is fulfilled at all interfaces, as well as that on pressure. This is
achieved after defining an effective mass density p, for the uniform slab, as in [28], that allows the derivation of the dis-
placement expression from that of pressure.

The important point worth to notice is that the problem of an acoustic field incident upon the random medium, whatever
its geometry, is equivalent to that of the same acoustic field incident upon a homogeneous dissipative fluid medium, only if
the usual continuity conditions at the interfaces of the equivalent medium apply. If so, the more practical problem of scat-
terers in a cylindrical medium, for example, turns to the rather well known problem of scattering by a cylinder of density p;
and complex wavenumber K.y at a given angular frequency w [29].

In order to be more explicit, it should be underlined that demonstration of the continuity of normal displacement requires
an analytical expression of the effective mass density. This is the main reason why Twersky’s theory is used here. Of course, it
should be better to deal with the Linton and Martin’s approach [15]. This one leads to a better approximation of the effective
wavenumber, as compared to the Waterman and Truell’s expression of the effective wavenumbers that is found in Twersky’s
theory [6]. But the analytic expression of the effective mass density in Linton and Martin’s approach is not known yet. Any-
way, the Waterman and Truell’s effective wavenumber is close to that of Linton and Martin at low concentration [19]. So, the
use of Twersky’s theory is justified here, as low concentrations of scatterers are considered. This is clearly a limitation of the
method presented.

The effective mass density of a uniform slab is defined in Section 2, and the Foldy-Twersky’s integral equations that gov-
ern the average acoustic pressure fields are derived in Section 3. These are the common starting points of the two methods
developed to calculate the reflection and transmission coefficients of the space-varying slab. Section 4 presents the method
based on the discretization of the slab. The reflection and transmission coefficients are calculated after resolution of a linear
set of equations of rank 2N with N the number of uniform layers. The boundary conditions at the interfaces of the slab are
derived in Section 5 from the equations established in the preceding section. The effective mass density defined in Section 2
is used to link the pressure field to the displacement field, so that the boundary conditions on pressure and normal displace-
ment are fulfilled even for the interfaces between two different uniform slabs. These boundary conditions are used in Section
6 to write the reflection and transmission coefficients found in Section 4 as Debye’s series, more suitable for the computa-
tions, which generalize Eqgs. (1.1) and (1.2) to the discretized space-varying slab. Section 7 presents the method based on the
WKB one, for a slab of smooth spatial variations. The knowledge of the boundary conditions at the interfaces of the slab with
the surrounding fluid is essential in the method, because neither the theorem of extinction nor the Lorentz-Lorenz law can
be used for space-varying slabs. Finally, Section 8 shows the numerical comparison of the different expressions found for the
reflection and transmission coefficients.

2. Effective mass density of a uniform slab

In linear acoustics, Euler’s relation relates the time harmonic acoustic displacement u; in a fluid medium to the time har-
monic pressure p,

1

Uy =—:
py?

Vp (2.1)
with p, the mass density of the fluid. This is the reason why the mass density is needed in order to write the continuity of
normal displacement at the interface between two different fluids. While the mass density p; of a homogeneous fluid is a
known characteristic of the fluid, that of a uniform slab has yet to be defined. In order to do so, let us consider the R;;
specular refection coefficient at the interface between two fluids, labeled 1 and 2 respectively; its expression is given
by Ref. [27], i.e.

_ poki — piks
27 poki+ pika (22)
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with k; and k, the wavenumbers in fluids 1 and 2, and p, and p, the mass densities of the fluids. If fluid 2 contains a uni-

form distribution of scatterers, this specular reflection is obtained from Eq. (1.1) by letting the depth d of the slab tend to

infinity: Ry; = dlim Rgay = —Q (the imaginary part of the effective wavenumber K. being positive). As k; is to be replaced
—+00

with Ker in Eq. (2.2) and p, with p, it follows straightaway that

Ky 1-Q
Peff = P1 b 11Q (2.3)
Eq. (2.3) is the same as Eq. (2.1) of Ref. [28]. Consequently, the mass density of a homogeneous fluid with a uniform distri-
bution of scatterers is complex and depends on frequency, as K.y and Q do.

It should be pointed out that the continuity of normal displacement would be clearly verified if the displacement vector
ug, averaged over all possible locations of the cylinders, was related to the averaged pressure (p) as (u;) = V(p)/p;w?, but it
is not the case. The mass density is an effective quantity that is affected by the average. In fact, it will be shown that the
correct relation is

() = V(p)/pey? (2.4)

So, the knowledge of p,; is needed to write the continuity of the normal displacement, which is done in Section 5, after
Twersky’s theory is developed in the following two sections.

3. Foldy-Twersky’s integral equations

The two methods developed to calculate the reflection and transmission coefficients of a space-varying slab are based on
a set of coupled integral equations that are derived, in this section, from Foldy-Twersky’s integral equation. According to
Ishimaru (cf. Ref. [30], Egs. (14)—(34)), the (y(r)) coherent pressure field inside the slab satisfies the Foldy-Twersky's integral
equation

(WY(1)) = Yinc(r) + o T(r,ro) (4 (rs))n(rs)dr 3.1)
sla
with ;,.(r) = exp(ikx) the spatial dependence of the incident harmonic pressure wave, n(r)dr; the average number of scat-
terers in the drs small surface around rs, and T(r,r;){y(rs)) the field at r due to the scatterer located at r; when (y(rs)) is
incident (cf. Fig. 1). Under the far field hypothesis (kip, = ki|r — ;| =— +oc), the scattering operator T(r,r) acting on
(y(rs)) is defined as
2 eikips—if

T(r ) (o) = T(Tbs) 0(r) Gy (p,) = T(L s ) (W) [ NG

with G (p,) the far field expression of the two-dimensional Green's function H (k; p,). In Eq. (3.2), T(i, ﬁs)(w(rs)) is the
amplitude of the wave scattered by a single scatterer located at r,, in direction p; = p,/p, with p,=r—r; and
ps = |r — i, of a plane incident wave of amplitude (y(rs)) propagating in any direction T. It does not depend on r. As the
incident wave and the geometry of the varying slab are supposed to be independent of the y-coordinate (n(rs) = n(x;)),
the same holds for the coherent field (y(r)), (¥(r)) = (y(x)), and the Foldy-Twersky’s integral equation becomes

i) = 2o [ [ | r(ia)wiy ;;Lpdy} d, 33)

The integration with respect to y, is performed with use of the stationary phase method assuming that k;d is large enough.
The stationary phase method is based on the very well known formula [31]

(32)

2n A(ysp)eiklds(.ysp)ei%Sgn(s” (Vsp)) (34)

“+o0
A ik dS(ys) -
[ _AD)e Vi \ladS ()]

with sgn(y) = +1 (§ > 0 or j < 0) and y,, the saddle point, root of the saddle point equation S'(y;) = 0, where a prime denotes
a first order derivative and a double prime a second order derivative. In our case

Ss) = pofd =\ (x— %) + (v — 9, / d (3:5)

and the saddle point equation gives y, —y =0, so that its root is y,, =y. It comes then, S(y,,) = |x — x|/d, S"(ys,) =
[S"Yo)ly,—y,, = 1/Ix —X|d > 0 and

Ps(Vsp) = (

with 7 defined in Fig. 1. It follows that (cf. Ref. [30], Eqs. (14-38))

X — X
X — X

,O) — 4 (X> X Or X < X) (3.6)
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w0y =+ 25 [ r(L)wowpe o + 25" [ (1) e nixds, 3.7)
K1 0 kl X
Following Twersky [16], () is decomposed into two fields, ¢, and y_,
W) =, +y_, (3.8a)
with
iky x 2 RIESS iky (X—Xs)
vit) =et o [T(LE)weeht ndx, (3.8b)
<1
2 (4 .
vo(x) == / T(I, 4) (1 (%)) €10 (x ) dlx (3.8¢)
kl Jx

The integral in Eq. (3.8b) gives all the waves scattered from cylinders on the left-hand side of the observation point, while
that in Eq. (3.8c) corresponds to the waves scattered from the cylinders on its right hand side. The scattered waves in both
fields y, and y_ are due to the incidence of the mean total field (), and propagate as homogeneous waves, with wavenum-
ber ki, in the scattering medium; y, is composed of waves propagating from the left to the right, while the contrary stands
for _. As a result, the propagation direction T of any incident wave on a given scatterer is either i or —i. Hence, Twersky
defines T(I il)(l//( <)) as follows:

T(i, ii‘) () = f(i', +i; x5>1//+(x5) +f (-i‘, +i; xs)lp,(xs) (3.9)

In Eq. (3.9), as depicted in Fig. 3, f (41, i; x, ) are the forward and backward scattering amplitudes associated to the scatter-
ing of a plane wave by a cylinder located at 7. They can be expressed as modal sums, cf. [29,32], and calculated numerically.
For circular cylinders, f( ,—i; xs) 7f(i', i';xs> andf(fi', i; x5> :f(f, ff;xs). The following set of coupled integral equations is
then obtained by inserting Egs. (3.8 and 3.9) into Eq. (3.7),

W, (x) = e* + /0 ' [T )W, (%) + R(x)¥_ (x5)] %1 &7 (x;) dx (3.10a)

b= [ " ROW, () + T (e % n(x,)d, (3.10b)
with x

T(xs):%f(i',i;xs) and R(xs):%f(i',—i';xs). (3.11)

Eq. (3.10) are the starting point of the two methods developed in the following sections to calculate the reflection and trans-
mission coefficients of the space-varying slab.

4. Discretization of the space-varying slab

In this section, the space-varying slab is discretized into N layers in which the random distribution of scatterers is uniform
(cf. Fig. 4). For each layer number j(1 < j < N),n(x;) = n; is the number of scatterers per unit surface, and all scatterers are
identical and characterized by

T = T(x;)n(x;) = Zk%y f; <1 i') and RY =R(x))n(x;) = 2,%’ f (: 4‘) (4.1)

with fj(i', ﬁ) the forward and backward scattering amplitudes of the cylinders located in the jth uniform slab
X1 < x < x(1 <j < N). As previously, the <¢“)> coherent field inside each uniform slab x; ; < x < x; is decomposed as

<¢u‘>> =y +y0 (4.2)
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Fig. 4. The discretized slab.

In addition to what happens for a uniform single slab [16], the coupled integral equations Eq. (3.10) have now to be split into
N coupled integral equations. It follows that for 0 < x < x;

X
YO (x) = efbx 4 eil<1x/ [T(])lﬁg)(xs) + R(])l//(j)(xs)} eikixs (4.3a)

0

P (x) = e-hix / 1 ROy x) + T wg)(xs)]e“klxsdxs

P Z / ") + T Y™ ()| e (4.3b)
forxj ; <x<x2<j<N-1)
Y (x) = e +eik1xji / P (%) + Ry (XS)]eqzﬁxsdxs
+ ellix / ' [TOYY9 (x;) + ROYY (xs)Je 1% dix (4.4a)

1
0900 = e [T ROy )+ O (x»]e“’ﬁ*sdxs
X
et 3 / () + T™ Y™ ()| e dxg (4.4b)
m=j+1 v Xm-1

for xy_1 < x <Xy

N-1 Xm .
1/15:\0 (X) — e+zk,x n e;qu Z / [T(m)wim)(xs) + R(m)lljgm) (Xs)] e—quXsts
Xm—1

m=1
X
4 ellix / [T(N)t//ﬂv)(xs) +R<N)¢@(xs)} etk gy (4.5a)
XN-1
o xN o
Yy (x) = e-ilix / [RYMY Y () + TNy ()| e dx, (4.5b)
JX

As it is assumed that coherent waves propagate in each uniform slab, the solutions of Eqgs. (4.3-4.5) are searched for as
follows

p0 = ADeor™ 4 g o (4.6)

with K9, the effective wavenumber associated to coherent waves propagating in the uniform slab X1 <X<X(1<j<N).
Both lp(’qand yY are thus composed of two coherent waves that propagate respectively in directions +i and —i. At first sight,
this seems to be inconsistent with the discussion given after Eq. (3.10), in which . (resp. y_) was said to be composed of
homogeneous waves propagating in the +i direction (resp. —1) This apparent inconsistency vanishes, however, when one
remembers that a homogeneous wave scattered by a cylinder in the =i direction is due both to incident homogeneous waves
that were propagating in the same direction and to waves that were propagating in the opposite direction. In other words,
while Eq. (4.6) provide a global description in the effective medium, i.e. in the absence of scatterers, Eq. (3 10) gave a local
description of the multiple scattering process in the original medium, i.e. that with scatterers. In short, U and YY), in Eq.
(3.10), must not be interpreted each as a single plane wave that propagates in the +i direction, as in Eq. (4. 6) but as acoustic
fields due to a sum of plane waves that propagate in the +i direction. It follows from Eq. (4.6) that there are 4N unknown

amplitudes (AU),B@) and N unknown effective wavenumbers Kgf} Once Eq. (4.6) are introduced into Egs. (4.3-4.5), one gets
for 0 < x < x4
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Kef +k1

forx 1 <x<x(2<j<N)

. oot i - (m) o (m)
Aﬁ iK9)x 1 Bl Ko — gitix _ gilix Z i ' — {T(m)AT) I R(m)Aim)] [ezu(e” Kipm _ iy 71<]>x,,,,1]
m=1 eff <1

i i g (m)
+elk1xz K(’")l ’ [TW)BT) I R(m)Bgm] [e—< o Haxn _ ik +k1>xm,1]
m=1 Neff + K1

1<U I (1947 + 9 AUH,K) ei(Ké’j}—kl)xj,leim}
Tk

[T9BY + ROBY |7 — e 151 gikn (48)
I<Uf+k1

forxi ; <x<x(1<j<N-1)

N .
AY lKe/f +BYe” — _pikix Z % [R(m)A(l") " T(m)AEm)} [e( ™ ey '<’<le +k1>xm,1}
m=j+1 Keff +kq
N .
+ e~kix Z % {R“”)B(er) + T(m)Bgm)} [e"(*Kijr;)*h n_ il= K(e’[’f1 k1 )X ,]
m=j+1 I<e — k]
i [R A(I 4T AU] |: I<eﬁ+k1)xle—ik1x o elKeff :|
1<<’f +ki
07 [RU B(I +TO B(} ] { Keff+k1)xjeka1x e—xKé’f; } 49)
Keff — k]

for xy_1 <x <Xy
i

A( )e’Kef/X + B IKE”X _ -
K+

[R( A ) TN A ][e(l(ﬂﬂq)x,ve ik x eil((c}’/x]
1 (N) p(N) (N) KGR ikyx ik
+W[R BY 4 TM B! H eilix _ g fr] (4.10)
Keff k]

The only way for Egs. (4.7 U)4 10) to hold all together, whatever the value of x, is to cancel the coefficients in front of each of
the exponential terms e**&* and e=1X(1 < j < N).

Canceling the coefficients associated to ei"( (1 <j < N) provides what is called the Lorentz-Lorenz law [1],
) i 040 ROAD] ) i 040 T A0] —
AY +I<§}f—k1 1949 + ROAY] <0, A - Tk [R9AY 1+ 1949] —0 (4.11)
BY _ T BY +RO)BU) =0, BY 4 RYBY +TU)BU) -0 412
¢ +k1[ - ] - Ké’ﬂlflq[ - *] 412)

For coherent waves to actually propagate back and forth in each layer j, trivial solutions of both Egs. (4.11) and (4.12) are
forbidden, and the determinants of each set of equations are set to zero, leading to

. . SN\ 2
K9® = R9” - (i +19) (4.13)

Taking into account Egs. (4.1) and (4.13) is equivalent to

i 20w
()2 1 JR Dol I Y |
K9, {kl + 5 (: 1)} L‘kl f (1, 1)} (4.14)
which is nothing else but Waterman and Truell’s formula [6]. Eq. (4.14) is a second order correction to Foldy’s equation [4]
that allows the cylinders to overlap. Denying that possibility to the cylinders leads, through Fikioris and Waterman'’s hole

correction, to an implicit relation for the effective wavenumber [7], which has been shown by Linton and Martin to reduce
to a different second order correction of Foldy’s equation than Eq. (4.14), under the assumption that both the concentration
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of scatterers and the n;/ kf ratio are small [15]. There is, as previously mentioned, little numerical difference between all for-
mulas for low concentrations of not too resonant scatterers [19].

Canceling the coefficients associated to e**1*(1 < j < N) gives what is known as the Theorem of extinction [1]. Canceling
the coefficients associated to e*1* and e~*1* in Egs. (4.7) and (4.10) respectively, when taking into account Egs. (4.11) and
(4.12), leads to

yP(x=0)=A" + BV =1 (4.15)
Y (x = d) = AN K 4 BN e _ o (4.16)
Canceling the coefficients associated to e*1* in Eq. (4.8), whilst still taking into account Egs. (4.11) and (4.12), leads to
2<j<N)
71 m m
1A <I(E/f—k]>xj . +J A [e <1<<eﬁ> k1> B el< m_ kl)xm 1} o <K +k1>xj .
m=1
j-1 il m (m
n B(er) [e ’<Ke;7 +k1>xm _e (chf +k1> 1:| —0 (4.17)
m=1

Index j can be replaced by j — 1 in Eq. (4.17) for 2 <j — 1 < N(3 <j < N). This new relation is subtracted from Eq. (4.17) that
turns to

; iki=1)y. : _igi-1 A ik . & ik .
A(i—l)elKE” X1 +B(J—71)e lKeﬂ, X1 :Ag)elkgﬁxj,l +Bﬂ>e lKef[XJ*1 (418)

provided that 3 < j < N. Use of Eq. (4.17) with j = 2, combined with Eq. (4.15), shows that Eq. (4.18) still holds for j = 2, so
that Eq. (4.19),

A(’ tl(eﬁxJ+BU 'e” A(Hl E” x,+Bo+1 41(5/; J7 (4.19)

holds for 1 <j < N — 1.In the same way, canceling the coefficients associated to e~*1* in Eq. (4.9) and using Eq. (4.16) leads to
the following equation

AD 'Keﬁxj +BY% K — AU Koy % + BUtY 7”(3/; il (4.20)

for 1 <j<N-1. Following Twersky [16], the reflected and transmitted waves are defined as yg(x) = Rympe " * =
YV (x = 0)e~™* and Y1 (x) = Tame™* D = yM (x = d)e*1%-9), so that

Rslab = ‘//(_])(X = 0) and Tslab = II/S{\J)(X = d) (421)
From Eqgs. (4.11) and (4.12), one easily gets

A — _qU) A@ and BY — —B@ /Qw (4.22)
with

Q¥ = i(ky — Ku /Ru (4.23)
Consequently, it comes from Egs. ((4.6), (4.15), (4.16), and (4.21)-(4.23))

1 2
Ras — A"+ BY oy [(1-Qhar 1] 424)
Tyay = A e 4 BV =AY (1 - Q"2) "o (425)

The calculation of Ry, and Ty, depends thus on that of Af) and AT). The N effective wavenumbers are known already (cf. Eq.
(4.13)), and 4N equations are needed to determine the 4N amplitudes (Am BU ). They are given by Eqgs. (4.15), (4.16), (4.19),
(4.20) and (4.22). Using Eq. (4.22) in order to express the 2N amplitudes (AY, B¥) as functions of the 2N amplitudes (Ag’ ,BS’ ),
one gets a linear set of equations of rank 2N in order to calculate the 2N unknown amplitudes (Aﬂ 733)). It comes

A 4 BD = 1 (4.26a)
o ezK( )y +QL BN Ky _ g (4.26b)
AU :KeﬂrxJ +BU —iK A(Hl oKer Ux; JrB»()H iKYy (4.26¢)

) B+ Ve ey (4.26d)

Q A(] lI(Eijj +Q1 B )e"Keffxl _Q(]+1 A(J+1 IKEj}r % |
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with (1 <j < N - 1), and, once Egs. (4.26) are solved and A", A" determined, both the reflection coefficient and the trans-
mission coefficient can be calculated from Eqs. (4.24) and (4.25). The continuity of pressure and normal displacement at each
boundary of the discretized slab is checked in the next section.

5. Boundary conditions at the slab interfaces

Eqgs. (4.15) and (4.16) are
YHEx=0) = (x=0)=1, yM(x=d) =0 (5.1)

Eq. (5.1) shows the continuity of the pressure waves propagating from the left to the right at x = 0 as well as that of the
waves propagating from the right to the left at x = xy = d. Same way, Eqs. (4.19) and (4.20) take the following form

Y(x=x)=y""V(x=x) and yPx=x)=y"x=x) (5.2)

that is the continuity of the pressure waves propagating from the left to the right, on one hand, and of those propagating
from the right to the left on the other hand, at the interface x = x;(1 <j < N — 1). However, the true boundary conditions
do not deal with ¥ and y¥ separately but with the () = y? + % mean fields. They are merely obtained by gathering
up Egs. (4.21), (5.1) and (5.2)

(W) x=0) =y (x = 0) + ¥ (x = 0) = 1+ Ryay = Yinc(x = 0) + Ypl(x = 0) (53)
(W) x=d) =y x = d) + ¥ (= d) = Ty = Yr(x = ) (54)
<w>>(x X)) = <¢0“ >(x =x) (1<j<N-1) (5.5)

The continuity of the mean pressure fields is hence verified at all the interfaces of the discretized slab.
Let us check now the continuity of normal displacement. The effective mass density of the uniform slab number j is de-
fined, according to Eq. (2.3), as

effl_Q(l

pejf - M kl 1 + QU (56)
Normal displacement is continuous at the x = 0 interface if Eq. (5.7) is fulfilled.
1 {oylV oy 1 [0 OV lk1
— =— |4 == =—11- 5.7
D { x T ox o, Lox x|, [ Rw) (5-7)
Using Egs. (4.6) and (4.24), Eq. (5.7) turns into Eq. (5.8)
K k
g [A+ BV 4+ A —B@] il [ 1-A" —Bﬂ, (5.8)
Pegr P
which, with use of Egs. (4.26a) and (5.6), gives
(1+QM)[AV —BY + AV —BY] = (1-Q")[A + B ~ AV — BY] (5.9)
It is now easy to verify, with the help of Eq. (4.22), that Eq. (5.9) is fulfilled, and so is Eq. (5.7).
Normal displacement is continuous at the x = d interface if Eq. (5.10) is fulfilled
1 [y oy {alpT] ik
— +— = —T 5.10
(eyf) [ ox ox T wa P =10
or (cf. Egs. (4.6), (4.25) and (5.6))
(1+Q™ )[ )ik _ BMe! K | AN K d _ piN) o= lkeﬂd} _ (l _Q(N)> [A(N 11<E”d+B -ik(d (5.11)
With use of Egs. (4.22) and (5.11) reduces to
Q(N)A(N oK n Ql BT)efiK(ej’;]d -0 (5.12)
which is nothing else but Eq. (4.26b). Continuity of normal displacement at the x = d interface is thus ensured.
Continuity of normal displacement at each interface x = x;(1 <j < N-1)
o) 0 (+1) (+1)
L] e )
pejf X=X; peff X=X
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is no more difficult to check. Use of Egs. (4.6) and (5.6) gives

: : N arel) 5 N ikl N arel)
(1 +QY > (1 - QU”)) |:Ag)e”(efij — BYe i 4 Ao — BOe K "f}

= (14QU) (1-Q0) AL - gt Wi g a8V ot (5.14)
From Eq. (4.22), one gets
. - BY ik i i1y KD U+ _iKU Ny
(1+@0) e e ) = (100 A2 4 e 515

which is the sum of Egs. (4.26c) and (4.26d). So, the continuity of normal displacement at each interface x = x;(1 <j < N-1)
is also proved. It is important here to point out that the effective mass density (cf. Eqs. (2.3) and (5.6)) defined in Section 2 is
the only one that links the acoustic displacement mean field to the pressure one in such a way that the continuity of normal
displacement at the interface between two different uniform slabs is guaranteed.

6. The reflection and transmission coefficients as debye’s series

The goal of this section is to express the reflection and transmission coefficients of the discretized slab as series involving
the reflection-transmission coefficients of each interface of the discretized slab, same way as in Egs. (1.1) and (1.2). Such
explicit formulas indeed are much easier to handle than Eqgs. (4.24) and (4.25) that impose the resolution of the linear set
of equations Eqgs. (4.26): solving Egs. (4.26), of rank 2N, becomes time-consuming with the increase of N.

Of course, there are other methods, based on transfer matrices, which can be used to express reflection and transmission
with regard to the reflection-transmission coefficients of each interface. The ones tested give exactly the same results with
comparable computation times. Debye’s series are presented here, this is a choice, because they provide an analytical and
explicit generalisation of Eqs. (1.1) and (1.2).

The reflection-transmission coefficients at the jth interface (1 < j < N + 1) are found, from the boundary conditions of the
previous section, as

S o Zi—Zj 4 ZZj S 2Z; 4
ijlj = R)]*1 *Zj +Zj,1 ) T] = Z +Z] D T]*U = Zj +Zj,1 (6~])
with Zg =Zy,1 = p;w/k and (1 <j < N)
PR 6.2)

1= P =g

As expected, these coefficients take the same form as the usual reflection-transmission coefficients at the interface between
two fluids [27].

In order to find the expressions of Ry, and Ty, in terms of the local coefficients of Eq. (6.1), let us consider first the dis-
cretized slab as composed of the single layer 0 < x < x; bounded by the homogeneous fluid [x < 0] and the multilayer
[x > x1]. The reflection coefficient of the slab can thus be written (cf. Eq. (1.1)) as

T, R T ZIKEfle
Ryab = Rot + ‘“sl“b—) (6.3)

1-— R1 R ZzKeﬁxl

slab

where R}, characterizes the reflection by the multilayer [x > x;]. Of course, R}, is unknown at this step of the calculation.
However, it can be expressed in the same way as Ryq, by considering the multilayer [x > x;] as composed of the single layer
X1 < X < X2, bounded by the layer 0 < x < x; on its left, and by the multilayer [x > x,] on its right,

2 2'K> -
leRgla)bTﬂel vem)

ZzK (xz X1)
1— Ry R, &

1M _
Rlab =Rz +

N

(6.4)

with RZ) the reflection coefficient of the multilayer [x > x,]. The same process is iterated until the last interface x = d is

reached. Thus, the reflection coefficient RY), depends on the next one R’ so that RY), is well defined provided RY}, is
known. At the last interface x = d,

Rias = R (6.5)

As RW Iab is known, it is possible to calculate Rstl) and, step by step, all the other coefficients back to Rga’b. It follows that Ry is

given by Eq. (6.3) along with a relation of recurrence,
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2ik V) (X11—X})
0 _R. TU+1Rslab THUe a7
Reap = Rij1 +

(1<j<N-1) (6.6)
I
which is initialized by Eq. (6.5) forj = N

Following the same procedure, Ty, is given by (cf. Eq. (1.2))

Toy TiL), ™
Tslab - % (67)
1—RioR)
where T'}); is the transmission coefﬁcient by the multilayer [x > x;]. T}, can be expressed with regard to the transmission
coefficient by the multilayer [x > x,], T, and so on. The relatlon of recurrence to be used is then
. T:: 1T(l+1)e ff (XJH —Xj) )
TV — At sl , (1<j<N-1) and T3 =T (6.8)
RUH 21Kfj (xﬁ] xj)
+1i8slab

This way, both the reflection and transmission coefficients are written in a compact form that is very useful for numerical
calculations. Each denominator in Egs. (6.3), (6.6), (6.7) and (6.8) can be expanded into geometrical series that allow in turn
the expression of Ry, and Ty, as series, which are known as the Debye’s series in the framework of the Resonant Scattering
Theory [32]. These series account for all the reflections and refractions inside the discretized slab, which is considered as an
interferometer.

7. The WKB method applied to the smooth-varying slab
Once again, the starting point is the set of coupled integral equations Eq. (3.10). The variations of n(x), R(x), and T(x) are
supposed smooth, and
n'(x) <n(x), [R(X)|<IRx)| and |T'(x)] < |T(x)| (7.1)

In other words, both the concentration and size of the cylinders are slow varying parameters. When differentiated, Eq. (3.10)
become

W' (x) = ik +n()T(X)]y (x) + n(ORX)Y_(x) (7.2a)

WL (x) = ~[iki + n(X)TX)Y_(x) — n(X)RXx)Y () (7.2b)
Taking into account the assumptions in Eq. (7.1), the differentiation of Egs. (7.2) leads to

LX) + Kop (9. (x) = 0 (7.3)
with

K25(x) = n*(x)R? (x) — [iky + n(x)T(x)]* (7.4)

where R(x) and T(x) are defined in Eq. (3.11). It must be noted here that the backscatteringf(i, —i; x) and forwardscattering

f(i,i;x) functions depend on the x-coordinate because they depend on the radius (size) a(x) of the cylinders. According to Egs.
(4.1), (4.13) and (4.14), Eq. (7.4) is clearly that of Waterman and Truell [6] for a concentration and a size of the cylinders
depending on the x-coordinate. After Eq. (7.1), it follows that

Ko ()] < [Kegr ()] (7.5)

which is the reason why the WKB method can be used in that case.
The WKB solution of Eq. (7.3) is very well known [27]

As eif;KL.ff(xs)de n B. eqﬁkeﬂ(xs)dxs (7.6)
Kegr (%) Kefr (%)

with AL and B. the unknown constants. The only way to determine them is to use the boundary conditions at x = 0 and
x = d. In order to do so, the following notations are introduced

v (X) =

nx=0)=no, n(x—d)=ng Kelx=0)=K%, Kylx—d)—K (7.7)
1 d
(Kep) = 5 /0 K ()%, (7.8)

with (Kr) the average effective wavenumber of the varying slab.
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Continuity of pressure reads

Y, (0)+¢_(0)=1+Ryp and y_ (d)+y_(d) = Tym (7.9)
with

¥_(0) = Ruap and 1, (d) = Ty (7.10)
It follows that

v,(0)=1 and ¢_(d)=0 (7.11)

Inserting Eq. (7.6) into Eq. (7.11) gives

A, +B. = /K9

. Ae®nd B eid =0 (7.12)

Continuity of normal displacement reads

1 [0y, . o YY)
pfﬁz[ @+ =0 = [%0)+ S o) (7.13a)
1 6% oN_ oy

pgd[m()wx()} L[] (7.13b)

where pf_,?f) = Per(x =0) and peff = pes(x = d) are the effective mass densities at the beginning and at the end of the slow-
varying slab. The x-dependence of the effective mass density is quite naturally the generalization of Eq. (2.3) to the contin-
uous counter-part of Eq. (5.6),

Ke(x) 1 - Q(x)
Peir(X) = Py ko 110R (7.14)

with (cf. Egs. (4.1) and (4.23))

_nx)Tx) + l(lﬁ — Ko (%))
The impedance ratios
0) (d)
Perki  1-Q Perkt  1-Qq
Tp=—"==—— and T y=—"F—=-——" (7.16)
p, Ky 1+Qo p,Kg 1+Qa

are also introduced, with Q; = Q(x =0) and Q; = Q(x = d).
In the field of the WKB approximation, k; is assumed to be large, and, as |[(K¢y)| is of the same order as k;, one has

To+ 1)(1 4 74) + (To — 1)(1 — 14)e%Kepd

ilf Kegp (xs)dxs % e
N L b Ry o) W SR P M RO ey SRS (7.17)
ox Kegr (%) 2Ky (x)
As a consequence, once Eq. (7.6) is introduced in Eq. (7.13), and Eq. (7.17) taken into account, one gets
(1+Qq)A: — (1+Qo)B, +2A_ —2QoB_ = /K (1 - Qo) (7.182)
2QuA. e _ 2B e~ iapd 1 (1 4 Q,)A_eler)d — (1 4 Qq4)B_e Ker)d = 0 (7.18b)
The solution of the set of linear equations Eqs. (7.12 and 7.18) is given by
A, 1—(1+Qq—Qq)e* e A —Qq + Qe
= 2i(Keg)d 2i(K)d ° = 2i(Keg)d 2i(Kog0d (7.19a)
K (1= @ (1 QeQue™™ ) @ (1 - ) (1~ QoQue” 1)
€] €]
B+ Qd _2Q0 - QOQd(1 - e2i2 o) ) eZl’(Kef/M7 B _ [Qg Q ezi KE]TW]eZi(K;ﬁ)d (7-19b)
KO (1)1 QoQue ) KD (1= @ (1 - QoQue™ ™)
Finally, the reflection and transmission coefficients can be calculated from Eqs. (7.6) and (7.10),
—Qq + Qqe¥®and (7o —1)(1 +T4) + (To + 1)(1 — T4)e?Kerd
Rsiar = 2iKor)d 2i(Kyr)d (7.20q)
1-QoQqe*™ ™ (T + 1)(1 + Tg) + (To — 1)(1 — Tg)**er’
(0) : .
I - Ve (1+Qa)(1 = Qo)™ _ y Ky 4toe! o (7.20b)
VK9 (€

JKD T Qe
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In the case where the features of the slab are the same at the beginning and at the end, i.e. ng = no,Ke?f) = <<° peﬂr peff and
Q4 = Qq, Eq. (7.20) come down to

(13— 1) + (1 — 1&)e?iKep)d T 41 eiKer)d
= - ) lab — -
(1470)% — (1 = Tp)?eKard” " (1 4 79)% — (1 — 7o) %2(Kep)d

(7.21)

These expressions are formally identical to those given by Twersky in Ref. [16] (cf. Egs (3.14)) for a uniform slab. The differ-
ence lies in the introduction of (K.y) instead of K.y, as the latter is not a constant. The varying slab is thus equivalent to a
uniform slab characterized by the impedance ratio 7, at the interfaces and by the average effective wavenumber (K.g) that
describes the propagation of the average coherent wave.

When the characteristics at the two interfaces of the slab are different, two impedance ratios 7, and 7, are required, and
the expressions of the reflection and transmission coefficients are a little bit more complicated (cf. Egs. (7.20)). In this case,
the reflection and transmission coefficients look like those of a fluid plate surrounded by two different homogeneous fluids
(cf. Ref. [27] p. 28)].

Let us consider now the reflection-refraction coefficients at the two interfaces of the slab (the homogeneous fluids [x < 0]
and [x > d] are labeled 0 and d, the varying slab is labeled 1)

-1 27y 2
Ro1 = —Rio = ﬁ Tor = T+t and Tyo = 141, (7.22a)
- 1 274 2
Rig = —Ran = .1 T, U= and Tg = Ti1, (7.22Db)
The reflection and transmission coefficients in Eq. (7.20) can be written as
To1Ri 4T eZi<KEﬂ>d To: T ei<Keﬂ>d
Raa = Rot + 721410 dab = 2 (7.23)

1— R10R1d62i<1(eff)d7 1— RledeZi(KE,f)d

The varying slab can still be considered as an interferometer.

As discussed in the introduction, the impedance ratios 7, and 7, are close to unity at low concentration, so that
Ryt 2 Ryg = 0,To; =Ty =1 (cf Egs. (7.22)), and Ty = ei®er)d (cf. Eq. (7.23)). This means that transmission experiments
can bring no information on Ky (x), but only on its average (I(Eff) Two different varying-slabs, with Keﬁ( ) # Kgf) (x), can give
rise to the same average transmitted field, provided that Keff> = (Keff> It seems thus rather hopeless to try and identify the
profile (n(x),R(x), T(x)) of a varying-slab with the help of such a theory.

8. Numerical results

Computations are performed for a space-varying slab characterized by

~(x=d/2)* o2 2
n(x) = Mmaxe 7 0sx<d ih g = (9> In <"““X> 8.1)
0 otherwise 2 Mmin

and a(x) = 1 mm the radius of all cylinders. In Eq. (8.1), Nmax = 104/m2 and npip, = nmax/3 are, respectively, the maximum and
minimum numbers of steel cylinders per unit surface. Eq. (8.1) describes a truncated Gaussian function for which

n(d/2) = nmax and n(0) = n(d) = Nmin, as shown in Fig. 5. The thickness of the slab is d = 0.1 m. As the size of the cylinders
is constant all over the slab, so are the forward and backward scattering amplitudes f (i ( il) Steel is characterized by its den-

10000 P
8250+
';?cﬁ“ s500
— =
[: — .
4750
000 T T .
O.00 0.05 0.10
3¢
(m)

Fig. 5. Average number of steel cylinders per square meter in the thickness of the slab: n(x) is the truncated Gauss function defined in Eq. (8.1).
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sity p, = 7916 kg/m?, the velocity of the longitudinal waves ¢; = 6000 m/s, and that of the shear waves ¢y = 3100 m/s. The
cylinders are immersed in water, characterized by its density p, = 1000 kg/m? and the velocity of sound ¢; = 1470 m/s.
First, the space-varying slab is discretized into N layers of thickness e = d/N. The reflection and transmission coefficients
are then calculated from Eqgs. (4.24) and (4.25) after inversion of the linear set of equations (Eqs. (4.26)). The order of con-
vergence is N = 10 for the transmission coefficient, while it is equal to 321 for the reflection coefficient. Once the conver-
gence is assured, the moduli of the two Fresnel coefficients are plotted in Figs. 6 and 7 versus the reduced frequency k;a.
In order to understand the difference between the two convergence orders, the reflection coefficient is plotted in Fig. 8
for N=70. Compared to Fig. 6a, periodically spaced spurious peaks are observed at reduced frequencies
kia=22,kia=4.4kia=06.6 and k;a = 8.8. They correspond to the first four resonances of a single layer (1 <n < 4):

(Aeff =2 2), NAeg /2 = € <= kya ~ n(Nma/d). (8.2)

In Eq. (8.2), Z is the wavelength of the coherent wave in a layer, which, while depending on that layer, is nonetheless quite
close to the wavelength / in water. Such spurious resonances appear, whatever the value of N, but they are shifted towards
higher frequencies as N increases, as shown in Eq. (8.2). For N = 320, the first one occurs at k;a = 10.005, so that it is out of
the frequency window of Fig. 6a. In other words, the convergence order for the reflection coefficient depends on the fre-
quency range investigated. It would be N = 640 for the frequency range 0 < k;a < 20. The reason why such spurious reso-
nances are not visible on the plots of the transmission coefficient modulus is not quite clear. It is likely that the interferences
in the transmission process involve the coherent waves in all the layers, while only those in the very first layers, which are
less absorbing than the middle ones, do contribute to the interferences in the reflection process. More accurately, as the con-
centration of scatterers varies slowly from one layer to its neighbor, so does the effective wavelength; the interferences are
only weakly destroyed from one layer to the other but can be cancelled when all the layers are involved due to cumulative
effects.

The reflection and transmission coefficients are calculated much faster from the Debye’s series in Egs. (6.3) and (6.8). The
curves obtained are exactly the same as that plotted in Figs. 6-8, meaning that the spurious peaks are actually due to single
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0.00 o
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Fig. 6. (a) Modulus of the reflection coefficient of the space-varying slab obtained with N > 321. Arrows indicate the resonance frequencies of the steel
cylinders and (b) same as (a) for 0 < k;a < 2.
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Fig. 7. Modulus of the transmission coefficient of the space-varying slab obtained with N > 321. Arrows indicate the resonance frequencies of the steel
cylinders.
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Fig. 8. Modulus of the reflection coefficient of the space-varying slab obtained with N = 70. Arrows indicate the spurious peaks associated to resonances of
the uniform sub-layers.

layer resonances, not to an ill-conditioned computation. This result proves also, if necessary, that both the mass densities and
the boundary conditions, defined in Section 6 and used in the calculation of the Debye’s series, are correct.

Use of the even faster WKB method (Eq. (7.21)) leads to the same results than that plotted in Figs. 6 and 7. This shows that
the WKB method is relevant, even though the distribution in Fig. 5 is not as slow-varying as the first condition in Eq. (7.1)
would require (|n’(x)/n(x)| reaches as much as 40 on both sides of the slab).

In order to get still shorter computation times, consider now a uniform slab, characterized only by the average number of
cylinders:

d
(n) = % /0 n(xs)dxs (8.3)

which, in the case considered here, is around 7286 m~2. Is that new-defined slab equivalent to the space-varying one? The
coherent waves in that slab propagate with a wavenumber (K.y) given by Eq. (8.4)

2 2
(Kegp)? = {lq *21‘;7? f, i)} - [%:l)f(i, 4)} (8.4)
and its mass density is supposed to be
K 1- Q) CHFL) + ik — (Keg))
P =P T o @= : TG (8.5)
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Fig. 9. Modulus of the reflection coefficient of the space varying slab. Lower curve: exact value obtained for N > 321. Upper curve: approximate value
corresponding to a single uniform slab characterized by the average number (n) of cylinders as defined in Eq. (8.3).

Its transmission and reflection coefficients can be calculated therefore. The modulus of the transmission coefficient obtained
is pretty much the same than that plotted in Fig. 7, but Fig. 9 shows that the reflection coefficient is larger than that of the
original space-varying slab. The average effective wavenumber (K.5) is well approximated from Eq. (8.4), which is the reason

why the oscillations of the two reflection coefficients are practically in phase. Consequently, it is the effective masse density

P 8iven by Eq. (8.5) that is not correct. As shown by the WKB method, it is the effective masse densities pgf) and p(e?f) at the

beginning and at the end of the varying slab which must be taken into account. In our case, p ; given by Eq. (8.5) overesti-

mates the effective masse density p()) = ply).

9. Conclusion

Three different expressions have been found for the reflection and transmission coefficients of a space-varying slab at
large frequency and low concentration of scatterers. The first two involve the discretization of the properties of the slab.
One is obtained after inversion of a linear set of equations of rank 2N, with N the number of layers introduced by the dis-
cretization. The other is the expression of the reflection and transmission coefficients as Debye’s series, which are less time
consuming. The third expression follows from the use of the WKB Method. All three of them give the same numerical results
for a smooth space-varying slab. The three most important results are: (1) Use of the WKB method is relevant for the study of
the propagation of coherent waves through a smooth space-varying slab. (2) The method of discretization is efficient insofar
as the discretization order is carefully chosen. (3) Once the effective mass density is defined correctly, the boundary condi-
tions, at the interface between a homogeneous fluid and an effective medium, as well as between two different effective
media are fulfilled. These are the continuity of pressure and of normal displacement.
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