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This paper deals with multiple scattering by a random arrangement of parallel circular
elastic cylinders immersed in a fluid. The cylinders are distributed in a region called ‘‘slab”
that is located between two parallel planes orthogonal to a given x-direction. The disorder
inside the slab depends on the x-variable. The goal is to calculate the reflection and trans-
mission coefficients by this space-varying slab. For low concentrations of cylinders, two
methods are developed from Twersky’s theory on the propagation of coherent waves in
an effective medium. The first method is based upon the discretization of the properties
of the space-varying slab. The second one is based on the WKB method. They are success-
fully compared in the case of a smooth space-varying slab in which the random distribu-
tion of cylinders varies slowly along the x-direction. An effective mass density is defined,
which allows the derivation of the mean acoustic displacement from the mean pressure
field. The continuity of both pressure and normal displacement is thus shown at the inter-
face between two different effective media as well as at the interface between the space-
varying slab and a homogeneous fluid.

� 2009 Elsevier B.V. All rights reserved.
1. Introduction

Multiple scattering by random arrangements of scatterers is a topic with an extensive literature. See, for example, the
recent books by Tsang et al. [1] and Martin [2]. A typical problem is the following. The space is filled with a homogeneous
compressible fluid of density q and sound speed c, and a fluid slab-like region, 0 6 x 6 d, contains many randomly spaced
scatterers. In the following, the scatterers are elastic parallel circular cylinders, with axes normal to the x direction, so that
the problem is a two-dimensional one (cf. Fig. 1). As a time harmonic plane wave with wavenumber k ¼ x=c (x is the angu-
lar frequency) is incident upon the slab (cf. Fig. 1), what are the reflected and transmitted waves? The acoustic fields cannot
be computed exactly for a large number of cylinders. This is the reason why another problem is solved. The slab is replaced
by a homogeneous effective medium in which coherent plane waves propagate. After Twersky [3], coherent plane waves can
be interpreted as the average of the exact fields calculated for a great number of random configurations of the scatterers.
They are characterized by a complex wavenumber Keff usually called effective wavenumber. The earliest modern work on such
a problem is due to Foldy [4] and a large number of papers have been published since. Most of them are mainly focused on
the effective wavenumber calculation [5–15], while few of them actually deal with the reflected and transmitted fields
. All rights reserved.
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Fig. 1. Geometry of the uniform slab.
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[16–21]. This point is important to notice because it is not obvious to relate the reflection and transmission coefficients of the
slab, Rslab and Tslab, to the effective wavenumber. Nonetheless, it has been shown in Refs. [16,19,21,22] that
Rslab ¼ R12 þ
T12eiKeff dR21eiKeff dT21

1� R2
21e2iKeff d

¼ R12 þ T12eiKeff dR21eiKeff dT21 þ � � � ð1:1Þ

Tslab ¼
T12eiKeff dT21

1� R2
21e2iKeff d

¼ T12eiKeff dT21 þ T12eiKeff dR2
21e2iKeff dT21 þ � � � ð1:2Þ
where R12 is the specular reflection coefficient at the first interface of the slab, T12ðT21Þ is the transmission coefficient at the
interface between the homogeneous fluid, labeled 1, (slab, labeled 2) and the slab, labeled 2, (homogeneous fluid, labeled 1),
and R21 the specular reflection coefficient inside the slab (cf. Fig. 2). Eqs. (1.1) and (1.2) correspond to Eq. (21) in Ref. [16] and
to Eqs. (42) and (46) in Ref. [19], with �R12 ¼ R21 ¼ Q ¼ Q 0 and T12T21 ¼ 1� Q2. Of course, the analytic expression of Q de-
pends on the theory used: Q is defined in Ref. [16] for Twersky’s theory (cf. Eq. (3.11)) and in Ref. [19] for Fikioris and Water-
man’s one (cf. Eq. (4.12)). The physical meaning of Eqs. (1.1) and (1.2) is clear. First, the slab looks like a fluid plate in which
waves propagate with wavenumber Keff . Second, the slab can be considered as a usual Fabry–Perrot interferometer (cf.
Fig. 2).

If the concentration of scatterers is low enough, the impedance ratio between the homogeneous fluid and the slab is close
to 1, so that jR21j � 0 and jT12j � jT21j � 1. It follows that Tslab can be approximated by
Tslab � eiKeff d ð1:3Þ
so that
ImðKeff Þ � �LogjTslabj=d ð1:4Þ
This last relation has indeed been successfully used, at low concentration, in order to evaluate the attenuation of the coher-
ent waves that propagate through the slab from experimental transmission data [23,24].

In all the papers cited previously and even for scatterers of different size [25], the random distribution of scatterers is
always assumed to be uniform in space. However, in many cases, as in sediment suspensions, bubbles, colloids, the concen-
tration of scatterers depends on space. It is also the case for polydisperse media when a significant number of smaller par-
Fig. 2. Reflection and transmission by the uniform slab.
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ticles can fit into the interstices between the larger ones. Clustering, or non-uniform concentration of particles, is com-
monly found to occur as a result of scatterers entrainment in fluid flows. In such cases, the particle size distribution can
be strongly modified and the propagation of waves as well [26]. Our paper deals with a similar but simpler case, the re-
flected and transmitted waves by a slab in which the concentration and/or the size of the scatterers, rather than uniform,
depends on the x-space variable. The goal is the generalization of Eqs. (1.1) and (1.2) to such a space-varying slab. Two
different methods are developed. In the first one, the space-varying slab is discretized into several layers in which the ran-
dom distribution of scatterers is uniform and an effective medium theory is developed in each. In other words, the space-
varying slab is considered as a stack of ‘‘uniform slabs”. In the second one, the spatial variations of the random distribution
are assumed smooth enough for the relevancy of the WKB method [27]. For both methods, a crucial point is the knowl-
edge of the boundary conditions at the interface between a homogeneous fluid and a uniform slab, as well as that at the
interface between two different uniform slabs. The continuity of pressure between the surrounding homogeneous fluid
and a uniform slab has been shown in Refs. [16,19], as used in the derivation of Eqs. (1.1) and (1.2). Surprisingly enough,
however, continuity of the normal displacement is not required in this derivation. We still do not understand clearly the
reason why it is not needed in the calculation of the reflection and transmission coefficients of Eqs. (1.1) and (1.2), but we
show nonetheless that this latter continuity condition is fulfilled at all interfaces, as well as that on pressure. This is
achieved after defining an effective mass density qeff for the uniform slab, as in [28], that allows the derivation of the dis-
placement expression from that of pressure.

The important point worth to notice is that the problem of an acoustic field incident upon the random medium, whatever
its geometry, is equivalent to that of the same acoustic field incident upon a homogeneous dissipative fluid medium, only if
the usual continuity conditions at the interfaces of the equivalent medium apply. If so, the more practical problem of scat-
terers in a cylindrical medium, for example, turns to the rather well known problem of scattering by a cylinder of density qeff

and complex wavenumber Keff at a given angular frequency x [29].
In order to be more explicit, it should be underlined that demonstration of the continuity of normal displacement requires

an analytical expression of the effective mass density. This is the main reason why Twersky’s theory is used here. Of course, it
should be better to deal with the Linton and Martin’s approach [15]. This one leads to a better approximation of the effective
wavenumber, as compared to the Waterman and Truell’s expression of the effective wavenumbers that is found in Twersky’s
theory [6]. But the analytic expression of the effective mass density in Linton and Martin’s approach is not known yet. Any-
way, the Waterman and Truell’s effective wavenumber is close to that of Linton and Martin at low concentration [19]. So, the
use of Twersky’s theory is justified here, as low concentrations of scatterers are considered. This is clearly a limitation of the
method presented.

The effective mass density of a uniform slab is defined in Section 2, and the Foldy–Twersky’s integral equations that gov-
ern the average acoustic pressure fields are derived in Section 3. These are the common starting points of the two methods
developed to calculate the reflection and transmission coefficients of the space-varying slab. Section 4 presents the method
based on the discretization of the slab. The reflection and transmission coefficients are calculated after resolution of a linear
set of equations of rank 2N with N the number of uniform layers. The boundary conditions at the interfaces of the slab are
derived in Section 5 from the equations established in the preceding section. The effective mass density defined in Section 2
is used to link the pressure field to the displacement field, so that the boundary conditions on pressure and normal displace-
ment are fulfilled even for the interfaces between two different uniform slabs. These boundary conditions are used in Section
6 to write the reflection and transmission coefficients found in Section 4 as Debye’s series, more suitable for the computa-
tions, which generalize Eqs. (1.1) and (1.2) to the discretized space-varying slab. Section 7 presents the method based on the
WKB one, for a slab of smooth spatial variations. The knowledge of the boundary conditions at the interfaces of the slab with
the surrounding fluid is essential in the method, because neither the theorem of extinction nor the Lorentz–Lorenz law can
be used for space-varying slabs. Finally, Section 8 shows the numerical comparison of the different expressions found for the
reflection and transmission coefficients.
2. Effective mass density of a uniform slab

In linear acoustics, Euler’s relation relates the time harmonic acoustic displacement uf in a fluid medium to the time har-
monic pressure p,
uf ¼
1

qf x2rp ð2:1Þ
with qf the mass density of the fluid. This is the reason why the mass density is needed in order to write the continuity of
normal displacement at the interface between two different fluids. While the mass density qf of a homogeneous fluid is a
known characteristic of the fluid, that of a uniform slab has yet to be defined. In order to do so, let us consider the R12

specular refection coefficient at the interface between two fluids, labeled 1 and 2 respectively; its expression is given
by Ref. [27], i.e.
R12 ¼
q2k1 � q1k2

q2k1 þ q1k2
ð2:2Þ
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with k1 and k2 the wavenumbers in fluids 1 and 2, and q1 and q2 the mass densities of the fluids. If fluid 2 contains a uni-
form distribution of scatterers, this specular reflection is obtained from Eq. (1.1) by letting the depth d of the slab tend to
infinity: R12 ¼ lim

d!þ1
Rslab ¼ �Q (the imaginary part of the effective wavenumber Keff being positive). As k2 is to be replaced

with Keff in Eq. (2.2) and q2 with qeff , it follows straightaway that
qeff ¼ q1
Keff

k1

1� Q
1þ Q

ð2:3Þ
Eq. (2.3) is the same as Eq. (2.1) of Ref. [28]. Consequently, the mass density of a homogeneous fluid with a uniform distri-
bution of scatterers is complex and depends on frequency, as Keff and Q do.

It should be pointed out that the continuity of normal displacement would be clearly verified if the displacement vector
uf , averaged over all possible locations of the cylinders, was related to the averaged pressure hpi as huf i ¼ rhpi=qf x2, but it
is not the case. The mass density is an effective quantity that is affected by the average. In fact, it will be shown that the
correct relation is
uf
� �

¼ r ph i=qeff x
2 ð2:4Þ
So, the knowledge of qeff is needed to write the continuity of the normal displacement, which is done in Section 5, after
Twersky’s theory is developed in the following two sections.

3. Foldy–Twersky’s integral equations

The two methods developed to calculate the reflection and transmission coefficients of a space-varying slab are based on
a set of coupled integral equations that are derived, in this section, from Foldy–Twersky’s integral equation. According to
Ishimaru (cf. Ref. [30], Eqs. (14)–(34)), the hwðrÞi coherent pressure field inside the slab satisfies the Foldy–Twersky’s integral
equation
hwðrÞi ¼ wincðrÞ þ
Z

slab
T r; rsð ÞhwðrsÞinðrsÞdrs ð3:1Þ
with wincðrÞ ¼ expðik1xÞ the spatial dependence of the incident harmonic pressure wave, nðrsÞdrs the average number of scat-
terers in the drS small surface around rS, and Tðr; rsÞhwðrsÞi the field at r due to the scatterer located at rs when hwðrsÞi is
incident (cf. Fig. 1). Under the far field hypothesis ðk1qs ¼ k1jr � rsj ¼! þ1Þ, the scattering operator Tðr; rsÞ acting on
hwðrsÞi is defined as
Tðr; rsÞhwðrsÞi ¼ T bI ; q̂s

� �
hwðrsÞiG10 ðqsÞ ¼ T bI ; q̂s

� �
hwðrsÞi

ffiffiffiffi
2
p

r
eik1qs�ip4ffiffiffiffiffiffiffiffiffiffi

k1qs

p ð3:2Þ
with G10 ðqsÞ the far field expression of the two-dimensional Green’s function Hð1Þ0 ðk1qsÞ. In Eq. (3.2), T bI ; q̂s

� �
hwðrsÞi is the

amplitude of the wave scattered by a single scatterer located at rs, in direction q̂s ¼ qs=qs with qs ¼ r � rs and
qs ¼ jr � rsj, of a plane incident wave of amplitude hwðrsÞi propagating in any direction bI . It does not depend on r. As the
incident wave and the geometry of the varying slab are supposed to be independent of the y-coordinate ðnðrsÞ ¼ nðxsÞÞ,
the same holds for the coherent field hwðrÞi; hwðrÞi ¼ hwðxÞi, and the Foldy–Twersky’s integral equation becomes
hwðxÞi ¼ eik1x þ
ffiffiffiffi
2
p

r
e�ip4

Z d

0
nðxsÞ

Z þ1

�1
T Î; q̂s

� �
hwðxsÞi

eik1qsffiffiffiffiffiffiffiffiffiffi
k1qs

p dys

" #
dxs ð3:3Þ
The integration with respect to ys is performed with use of the stationary phase method assuming that k1d is large enough.
The stationary phase method is based on the very well known formula [31]
Z þ1

�1
AðysÞeik1dSðysÞdys ¼

k1d!þ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p

k1djS00ðyspÞj

s
AðyspÞeik1dSðyspÞeip4sgnðS00 ðyspÞÞ ð3:4Þ
with sgnð~yÞ ¼ �1 (~y > 0 or ~y < 0Þ and ysp the saddle point, root of the saddle point equation S0ðysÞ ¼ 0, where a prime denotes
a first order derivative and a double prime a second order derivative. In our case
SðysÞ ¼ qs=d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� xsÞ2 þ ðy� ysÞ

2
q �

d ð3:5Þ
and the saddle point equation gives ys � y ¼ 0, so that its root is ysp ¼ y. It comes then, SðyspÞ ¼ jx� xsj=d, S00ðyspÞ ¼
½S00ðysÞ�ys¼ysp

¼ 1=jx� xsjd > 0 and
q̂sðyspÞ ¼
x� xs

jx� xsj
; 0

� 	
¼ �î ðx > xs or xs < xÞ ð3:6Þ
with bi defined in Fig. 1. It follows that (cf. Ref. [30], Eqs. (14–38))



Fig. 3. Forward and backward scattering amplitudes.
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hwðxÞi ¼ eik1x þ 2eik1x

k1

Z x

0
T bI ; î� �

hwðxsÞie�ik1xs nðxsÞdxs þ
2e�ik1x

k1

Z d

x
T bI ;�î
� �

hwðxsÞieik1xs nðxsÞdxs ð3:7Þ
Following Twersky [16], hwi is decomposed into two fields, wþ and w�,
hwi ¼ wþ þ w�; ð3:8aÞ
with
wþðxÞ ¼ eik1x þ 2
k1

Z x

0
T bI ; î� �

hwðxsÞieik1ðx�xsÞnðxsÞdxs ð3:8bÞ

w�ðxÞ ¼
2
k1

Z d

x
T bI ;�î
� �

hwðxsÞieik1ðxs�xÞnðxsÞdxs ð3:8cÞ
The integral in Eq. (3.8b) gives all the waves scattered from cylinders on the left-hand side of the observation point, while
that in Eq. (3.8c) corresponds to the waves scattered from the cylinders on its right hand side. The scattered waves in both
fields wþ and w� are due to the incidence of the mean total field hwi, and propagate as homogeneous waves, with wavenum-
ber k1, in the scattering medium; wþ is composed of waves propagating from the left to the right, while the contrary stands
for w�. As a result, the propagation direction bI of any incident wave on a given scatterer is either bi or �bi. Hence, Twersky
defines T bI ;�î

� �
hwðxsÞi as follows:
T bI ;�î
� �

hwðxsÞi ¼ f î;�î; xs

� �
wþðxsÞ þ f �î;�î; xs

� �
w�ðxsÞ ð3:9Þ
In Eq. (3.9), as depicted in Fig. 3, f �î;�î; xs

� �
are the forward and backward scattering amplitudes associated to the scatter-

ing of a plane wave by a cylinder located at rs. They can be expressed as modal sums, cf. [29,32], and calculated numerically.

For circular cylinders, f �î;�î; xs

� �
¼ f î; î; xs

� �
and f �î; î; xs

� �
¼ f î;�î; xs

� �
. The following set of coupled integral equations is

then obtained by inserting Eqs. (3.8 and 3.9) into Eq. (3.7),
wþðxÞ ¼ eik1x þ
Z x

0
TðxsÞwþðxsÞ þ RðxsÞw�ðxsÞ

 �

eik1ðx�xsÞnðxsÞdxs ð3:10aÞ

w�ðxÞ ¼
Z d

x
RðxsÞwþðxsÞ þ TðxsÞw�ðxsÞ

 �

eþik1ðxs�xÞnðxsÞdxs ð3:10bÞ
with
TðxsÞ ¼
2
k1

f î; î; xs

� �
and RðxsÞ ¼

2
k1

f î;�î; xs

� �
: ð3:11Þ
Eq. (3.10) are the starting point of the two methods developed in the following sections to calculate the reflection and trans-
mission coefficients of the space-varying slab.

4. Discretization of the space-varying slab

In this section, the space-varying slab is discretized into N layers in which the random distribution of scatterers is uniform
(cf. Fig. 4). For each layer number jð1 6 j 6 NÞ;nðxjÞ ¼ nj is the number of scatterers per unit surface, and all scatterers are
identical and characterized by
TðjÞ ¼ TðxjÞnðxjÞ ¼
2nj

k1
fj î; î
� �

and RðjÞ ¼ RðxjÞnðxjÞ ¼
2nj

k1
fj î;�î
� �

ð4:1Þ
with fj ð̂i;�îÞ the forward and backward scattering amplitudes of the cylinders located in the jth uniform slab
xj�1 6 x 6 xjð1 6 j 6 NÞ. As previously, the wðjÞ

D E
coherent field inside each uniform slab xj�1 6 x 6 xj is decomposed as
wðjÞ
D E

¼ wðjÞþ þ wðjÞ� ð4:2Þ



Fig. 4. The discretized slab.
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In addition to what happens for a uniform single slab [16], the coupled integral equations Eq. (3.10) have now to be split into
N coupled integral equations. It follows that for 0 6 x 6 x1
wð1Þþ ðxÞ ¼ eik1x þ eik1x
Z x

0
T ð1Þwð1Þþ ðxsÞ þ Rð1Þwð1Þ� ðxsÞ
h i

e�ik1xs dxs ð4:3aÞ

wð1Þ� ðxÞ ¼ e�ik1x
Z x1

x
Rð1Þwð1Þþ ðxsÞ þ Tð1Þwð1Þ� ðxsÞ
h i

eþik1xs dxs

þ e�ik1x
XN

m¼2

Z xm

xm�1

RðmÞwðmÞþ ðxsÞ þ TðmÞwðmÞ� ðxsÞ
h i

eþik1xs dxs ð4:3bÞ
for xj�1 6 x 6 xjð2 6 j 6 N � 1Þ
wðjÞþ ðxÞ ¼ eik1x þ eik1x
Xj�1

m¼1

Z xm

xm�1

TðmÞwðmÞþ ðxsÞ þ RðmÞwðmÞ� ðxsÞ
h i

e�ik1xs dxs

þ eik1x
Z x

xj�1

½TðjÞwðjÞþ ðxsÞ þ RðjÞwðjÞ� ðxsÞ�e�ik1xs dxs ð4:4aÞ

wðjÞ� ðxÞ ¼ e�ik1x
Z xj

x
RðjÞwðjÞþ ðxsÞ þ TðjÞwðjÞ� ðxsÞ
h i

eþik1xs dxs

þ e�ik1x
XN

m¼jþ1

Z xm

xm�1

RðmÞwðmÞþ ðxsÞ þ T ðmÞwðmÞ� ðxsÞ
h i

eþik1xs dxs ð4:4bÞ
for xN�1 6 x 6 xN
wðNÞþ ðxÞ ¼ eþik1x þ eik1x
XN�1

m¼1

Z xm

xm�1

T ðmÞwðmÞþ ðxsÞ þ RðmÞwðmÞ� ðxsÞ
h i

e�ik1xs dxs

þ eik1x
Z x

xN�1

TðNÞwðNÞþ ðxsÞ þ RðNÞwðNÞ� ðxsÞ
h i

e�ik1xs dxs ð4:5aÞ

wð1Þ� ðxÞ ¼ e�ik1x
Z xN

x
RðNÞwðNÞþ ðxsÞ þ TðNÞwðNÞ� ðxsÞ
h i

eik1xs dxs ð4:5bÞ
As it is assumed that coherent waves propagate in each uniform slab, the solutions of Eqs. (4.3–4.5) are searched for as
follows
wðjÞ� ¼ AðjÞ� eiKðjÞ
eff

x þ BðjÞ� e�iKðjÞ
eff

x ð4:6Þ
with KðjÞeff the effective wavenumber associated to coherent waves propagating in the uniform slab xj�1 6 x 6 xjð1 6 j 6 NÞ.
Both wðjÞþ and wðjÞ� are thus composed of two coherent waves that propagate respectively in directions þî and �î. At first sight,
this seems to be inconsistent with the discussion given after Eq. (3.10), in which wþ (resp. w�Þ was said to be composed of
homogeneous waves propagating in the þî direction (resp. �îÞ. This apparent inconsistency vanishes, however, when one
remembers that a homogeneous wave scattered by a cylinder in the �î direction is due both to incident homogeneous waves
that were propagating in the same direction and to waves that were propagating in the opposite direction. In other words,
while Eq. (4.6) provide a global description in the effective medium, i.e. in the absence of scatterers, Eq. (3.10) gave a local
description of the multiple scattering process in the original medium, i.e. that with scatterers. In short, wðjÞþ and wðjÞ� , in Eq.
(3.10), must not be interpreted each as a single plane wave that propagates in the �î direction, as in Eq. (4.6), but as acoustic
fields due to a sum of plane waves that propagate in the �î direction. It follows from Eq. (4.6) that there are 4N unknown

amplitudes AðjÞ� ;B
ðjÞ
�

� �
and N unknown effective wavenumbers KðjÞeff . Once Eq. (4.6) are introduced into Eqs. (4.3–4.5), one gets

for 0 6 x 6 x1
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Að1Þþ eiKð1Þ
eff

x þ Bð1Þþ e�iKð1Þ
eff

x ¼ eik1x � i

Kð1Þeff � k1

Tð1ÞAð1Þþ þ Rð1ÞAð1Þ�
h i

eiKð1Þ
eff

x � eik1x
h i

þ i

Kð1Þeff þ k1

Tð1ÞBð1Þþ þ Rð1ÞBð1Þ�
h i

e�iKð1Þ
eff

x � eik1x
h i

ð4:7Þ
for xj�1 6 x 6 xjð2 6 j 6 NÞ
AðjÞþ eiKðjÞ
eff

x þ BðjÞþ e�iKðjÞ
eff

x ¼ eik1x � eik1x
Xj�1

m¼1

i

KðmÞeff � k1

TðmÞAðmÞþ þ RðmÞAðmÞ�
h i

eiðKðmÞ
eff
�k1Þxm � eiðKðmÞ

eff
�k1Þxm�1

h i

þ eik1x
Xj�1

m¼1

i

KðmÞeff þ k1

T ðmÞBðmÞþ þ RðmÞBðmÞ�
h i

e�iðKðmÞ
eff
þk1Þxm � e�iðKðmÞ

eff
þk1Þxm�1

h i
� i

KðjÞeff � k1

TðjÞAðjÞþ þ RðjÞAðjÞ�
h i

eiKðjÞ
eff

x � eiðKðjÞ
eff
�k1Þxj�1 eik1x

� 

þ i

KðjÞeff þ k1

TðjÞBðjÞþ þ RðjÞBðjÞ�
h i

e�iKðjÞ
eff

x � e�iðKðjÞ
eff
þk1Þxj�1 eik1x

� 

ð4:8Þ
for xj�1 6 x 6 xjð1 6 j 6 N � 1Þ
AðjÞ� eiKðjÞ
eff

x þ BðjÞ� e�iKðjÞ
eff

x ¼ �e�ik1x
XN

m¼jþ1

i

KðmÞeff þ k1

RðmÞAðmÞþ þ TðmÞAðmÞ�
h i

eiðKðmÞ
eff
þk1Þxm � eiðKðmÞ

eff
þk1Þxm�1

h i
þ e�ik1x

XN

m¼jþ1

i

KðmÞeff � k1

RðmÞBðmÞþ þ TðmÞBðmÞ�
h i

eið�KðmÞ
eff
þk1Þxm � eið�KðmÞ

eff
þk1Þxm�1

h i
� i

KðjÞeff þ k1

RðjÞAðjÞþ þ TðjÞAðjÞ�
h i

eiðKðjÞ
eff
þk1Þxj e�ik1x � eiKðjÞ

eff
x

� 

þ i

KðjÞeff � k1

RðjÞBðjÞþ þ TðjÞBðjÞ�
h i

eið�KðjÞ
eff
þk1Þxj e�ik1x � e�iKðjÞ

eff
x

� 

ð4:9Þ
for xN�1 6 x 6 xN
AðNÞ� eiKðNÞ
eff

x þ BðNÞ� e�iKðNÞ
eff

x ¼ � i

KðNÞeff þ k1

RðNÞAðNÞþ þ TðNÞAðNÞ�
h i

eiðKðNÞ
eff
þk1ÞxN e�ik1x � eiKðNÞ

eff
x

h i
þ i

KðNÞeff � k1

RðNÞBðNÞþ þ TðNÞBðNÞ�
h i

eið�KðNÞ
eff
þk1ÞxN e�ik1x � e�iKðNÞ

eff
x

h i
ð4:10Þ
The only way for Eqs. (4.7–4.10) to hold all together, whatever the value of x, is to cancel the coefficients in front of each of
the exponential terms e�iKðjÞ

eff
x and e�ik1xð1 6 j 6 NÞ.

Canceling the coefficients associated to e�iKðjÞ
eff

xð1 6 j 6 NÞ provides what is called the Lorentz–Lorenz law [1],
AðjÞþ þ
i

KðjÞeff � k1

TðjÞAðjÞþ þ RðjÞAðjÞ�
h i

¼ 0; AðjÞ� �
i

KðjÞeff þ k1

RðjÞAðjÞþ þ TðjÞAðjÞ�
h i

¼ 0 ð4:11Þ

BðjÞþ �
i

KðjÞeff þ k1

TðjÞBðjÞþ þ RðjÞBðjÞ�
h i

¼ 0; BðjÞ� þ
i

KðjÞeff � k1

RðjÞBðjÞþ þ TðjÞBðjÞ�
h i

¼ 0 ð4:12Þ
For coherent waves to actually propagate back and forth in each layer j, trivial solutions of both Eqs. (4.11) and (4.12) are
forbidden, and the determinants of each set of equations are set to zero, leading to
KðjÞeff

2
¼ RðjÞ

2
� ik1 þ TðjÞ
� �2

ð4:13Þ
Taking into account Eqs. (4.1) and (4.13) is equivalent to
KðjÞeff

2
¼ k1 þ

2nj

ik1
fj î; î
� �� 
2

� 2nj

ik1
fj î;�î
� �� 
2

ð4:14Þ
which is nothing else but Waterman and Truell’s formula [6]. Eq. (4.14) is a second order correction to Foldy’s equation [4]
that allows the cylinders to overlap. Denying that possibility to the cylinders leads, through Fikioris and Waterman’s hole
correction, to an implicit relation for the effective wavenumber [7], which has been shown by Linton and Martin to reduce
to a different second order correction of Foldy’s equation than Eq. (4.14), under the assumption that both the concentration
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of scatterers and the nj=k2
1 ratio are small [15]. There is, as previously mentioned, little numerical difference between all for-

mulas for low concentrations of not too resonant scatterers [19].
Canceling the coefficients associated to e�ik1xð1 6 j 6 NÞ gives what is known as the Theorem of extinction [1]. Canceling

the coefficients associated to eik1x and e�ik1x in Eqs. (4.7) and (4.10) respectively, when taking into account Eqs. (4.11) and
(4.12), leads to
wð1Þþ ðx ¼ 0Þ ¼ Að1Þþ þ Bð1Þþ ¼ 1 ð4:15Þ

wðNÞ� ðx ¼ dÞ ¼ AðNÞ� ejKðNÞ
eff

d þ BðNÞ� e�jKðNÞ
eff

d ¼ 0 ð4:16Þ
Canceling the coefficients associated to eik1x in Eq. (4.8), whilst still taking into account Eqs. (4.11) and (4.12), leads to
ð2 6 j 6 NÞ
1� AðjÞþ e
i KðjÞ

eff
�k1

� �
xj�1 þ

Xj�1

m¼1

AðmÞþ e
i KðmÞ

eff
�k1

� �
xm � e

i KðmÞ
eff
�k1

� �
xm�1

" #
� BðjÞþ e

�i KðjÞ
eff
þk1

� �
xj�1

þ
Xj�1

m¼1

BðmÞþ e
�i KðmÞ

eff
þk1

� �
xm � e

�i KðmÞ
eff
þk1

� �
xm�1

" #
¼ 0 ð4:17Þ
Index j can be replaced by j� 1 in Eq. (4.17) for 2 6 j� 1 6 Nð3 6 j 6 NÞ. This new relation is subtracted from Eq. (4.17) that
turns to
Aðj�1Þ
þ eiKðj�1Þ

eff
xj�1 þ Bðj�1Þ

þ e�iKðj�1Þ
eff

xj�1 ¼ AðjÞþ eiKðjÞ
eff

xj�1 þ BðjÞþ e�iKðjÞ
eff

xj�1 ð4:18Þ
provided that 3 6 j 6 N. Use of Eq. (4.17) with j ¼ 2, combined with Eq. (4.15), shows that Eq. (4.18) still holds for j ¼ 2, so
that Eq. (4.19),
AðjÞþ eiKðjÞ
eff

xj þ BðjÞþ e�iKðjÞ
eff

xj ¼ Aðjþ1Þ
þ eiKðjþ1Þ

eff
xj þ Bðjþ1Þ

þ e�iKðjþ1Þ
eff

xj ; ð4:19Þ
holds for 1 6 j 6 N � 1. In the same way, canceling the coefficients associated to e�ik1x in Eq. (4.9) and using Eq. (4.16) leads to
the following equation
AðjÞ� eiKðjÞ
eff

xj þ BðjÞ� e�iKðjÞ
eff

xj ¼ Aðjþ1Þ
� eiKðjþ1Þ

eff
xj þ Bðjþ1Þ

� e�iKðjþ1Þ
eff

xj ð4:20Þ
for 1 6 j 6 N � 1. Following Twersky [16], the reflected and transmitted waves are defined as wRðxÞ ¼ Rslabe�ik1x ¼
wð1Þ� ðx ¼ 0Þe�ik1x and wTðxÞ ¼ Tslabeik1ðx�dÞ ¼ wðNÞþ ðx ¼ dÞeik1ðx�dÞ, so that
Rslab ¼ wð1Þ� ðx ¼ 0Þ and Tslab ¼ wðNÞþ ðx ¼ dÞ ð4:21Þ
From Eqs. (4.11) and (4.12), one easily gets
AðjÞ� ¼ �Q ðjÞAðjÞþ and BðjÞ� ¼ �BðjÞþ
.

Q ðjÞ ð4:22Þ
with
Q ðjÞ ¼ TðjÞ þ iðk1 � KðjÞeff Þ
.

RðjÞ ð4:23Þ
Consequently, it comes from Eqs. ((4.6), (4.15), (4.16), and (4.21)–(4.23))
Rslab ¼ Að1Þ� þ Bð1Þ� ¼
1

Q ð1Þ
ð1� Q ð1Þ

2
ÞAð1Þþ � 1

h i
ð4:24Þ

Tslab ¼ AðNÞþ eiKðNÞ
eff

d þ BðNÞþ e�iKðNÞ
eff

d ¼ AðNÞþ 1� Q ðNÞ2
� �

eiKðNÞ
eff

d ð4:25Þ
The calculation of Rslab and Tslab depends thus on that of Að1Þþ and AðNÞþ . The N effective wavenumbers are known already (cf. Eq.

(4.13)), and 4N equations are needed to determine the 4N amplitudes ðAðjÞ� ;B
ðjÞ
� Þ. They are given by Eqs. (4.15), (4.16), (4.19),

(4.20) and (4.22). Using Eq. (4.22) in order to express the 2N amplitudes ðAðjÞ� ;B
ðjÞ
� Þ as functions of the 2N amplitudes ðAðjÞþ ;B

ðjÞ
þ Þ,

one gets a linear set of equations of rank 2N in order to calculate the 2N unknown amplitudes ðAðjÞþ ; B
ðjÞ
þ Þ. It comes
Að1Þþ þ Bð1Þþ ¼ 1 ð4:26aÞ

Q ðNÞAðNÞþ ejKðNÞ
eff

xN þ 1

Q ðNÞ
BðNÞþ e�jKðNÞ

eff
xN ¼ 0 ð4:26bÞ

AðjÞþ eiKðjÞ
eff

xj þ BðjÞþ e�iKðjÞ
eff

xj ¼ Aðjþ1Þ
þ eiKðjþ1Þ

eff
xj þ Bðjþ1Þ

þ e�iKðjþ1Þ
eff

xj ð4:26cÞ

Q ðjÞAðjÞþ eiKðjÞ
eff

xj þ 1

Q ðjÞ
BðjÞþ e�iKðjÞ

eff
xj ¼ Q ðjþ1ÞAðjþ1Þ

þ eiKðjþ1Þ
eff

xj þ 1

Q ðjþ1Þ Bðjþ1Þ
þ e�iKðjþ1Þ

eff
xj ð4:26dÞ
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with ð1 6 j 6 N � 1Þ, and, once Eqs. (4.26) are solved and Að1Þþ ;A
ðNÞ
þ determined, both the reflection coefficient and the trans-

mission coefficient can be calculated from Eqs. (4.24) and (4.25). The continuity of pressure and normal displacement at each
boundary of the discretized slab is checked in the next section.

5. Boundary conditions at the slab interfaces

Eqs. (4.15) and (4.16) are
wð1Þþ ðx ¼ 0Þ ¼ wincðx ¼ 0Þ ¼ 1; wðNÞ� ðx ¼ dÞ ¼ 0 ð5:1Þ
Eq. (5.1) shows the continuity of the pressure waves propagating from the left to the right at x ¼ 0 as well as that of the
waves propagating from the right to the left at x ¼ xN ¼ d. Same way, Eqs. (4.19) and (4.20) take the following form
wðjÞþ ðx ¼ xjÞ ¼ wðjþ1Þ
þ ðx ¼ xjÞ and wðjÞ� ðx ¼ xjÞ ¼ wðjþ1Þ

� ðx ¼ xjÞ ð5:2Þ
that is the continuity of the pressure waves propagating from the left to the right, on one hand, and of those propagating
from the right to the left on the other hand, at the interface x ¼ xjð1 6 j 6 N � 1Þ. However, the true boundary conditions
do not deal with wðjÞþ and wðjÞ� separately but with the hwðjÞi ¼ wðjÞþ þ wðjÞ� mean fields. They are merely obtained by gathering
up Eqs. (4.21), (5.1) and (5.2)
wð1Þ
D E

ðx ¼ 0Þ ¼ wð1Þþ ðx ¼ 0Þ þ wð1Þ� ðx ¼ 0Þ ¼ 1þ Rslab ¼ wincðx ¼ 0Þ þ wRðx ¼ 0Þ ð5:3Þ

wðNÞ
D E

ðx ¼ dÞ ¼ wðNÞþ ðx ¼ dÞ þ wðNÞ� ðx ¼ dÞ ¼ Tslab ¼ wTðx ¼ dÞ ð5:4Þ

wðjÞ
D E

ðx ¼ xjÞ ¼ wðjþ1Þ
D E

ðx ¼ xjÞ ð1 6 j 6 N � 1Þ ð5:5Þ
The continuity of the mean pressure fields is hence verified at all the interfaces of the discretized slab.
Let us check now the continuity of normal displacement. The effective mass density of the uniform slab number j is de-

fined, according to Eq. (2.3), as
qðjÞeff ¼ q1

KðjÞeff

k1

1� Q ðjÞ

1þ Q ðjÞ
ð5:6Þ
Normal displacement is continuous at the x ¼ 0 interface if Eq. (5.7) is fulfilled.
1

qð1Þeff

@wð1Þþ
@x
þ @w

ð1Þ
�

@x

" #
x¼0

¼ 1
q1

@winc

@x
þ @wR

@x

� 

x¼0
¼ ik1

q1
½1� Rslab� ð5:7Þ
Using Eqs. (4.6) and (4.24), Eq. (5.7) turns into Eq. (5.8)
Kð1Þeff

qð1Þeff

Að1Þþ � Bð1Þþ þ Að1Þ� � Bð1Þ�
h i

¼ k1

q1
1� Að1Þ� � Bð1Þ�
h i

; ð5:8Þ
which, with use of Eqs. (4.26a) and (5.6), gives
ð1þ Q ð1ÞÞ Að1Þþ � Bð1Þþ þ Að1Þ� � Bð1Þ�
h i

¼ ð1� Q ð1ÞÞ Að1Þþ þ Bð1Þþ � Að1Þ� � Bð1Þ�
h i

ð5:9Þ
It is now easy to verify, with the help of Eq. (4.22), that Eq. (5.9) is fulfilled, and so is Eq. (5.7).
Normal displacement is continuous at the x ¼ d interface if Eq. (5.10) is fulfilled
1

qðNÞeff

@wðNÞþ
@x
þ @w

ðNÞ
�
@x

" #
x¼d

¼ 1
q1

@wT

@x

� 

x¼d
¼ ik1

q1
Tslab ð5:10Þ
or (cf. Eqs. (4.6), (4.25) and (5.6))
ð1þ Q ðNÞÞ AðNÞþ eiKðNÞ
eff

d � BðNÞþ e�iKðNÞ
eff

d þ AðNÞ� eiKðNÞ
eff

d � BðNÞ� e�iKðNÞ
eff

d
h i

¼ 1� Q ðNÞ
� �

AðNÞþ eiKðNÞ
eff

d þ BðNÞþ e�iKðNÞ
eff

d
h i

ð5:11Þ
With use of Eqs. (4.22) and (5.11) reduces to
Q ðNÞAðNÞþ eiKðNÞ
eff

d þ 1

Q ðNÞ
BðNÞþ e�iKðNÞ

eff
d ¼ 0 ð5:12Þ
which is nothing else but Eq. (4.26b). Continuity of normal displacement at the x ¼ d interface is thus ensured.
Continuity of normal displacement at each interface x ¼ xjð1 6 j 6 N � 1Þ
1

qðjÞeff

@wðjÞþ
@x
þ @w

ðjÞ
�

@x

" #
x¼xj

¼ 1

qðjþ1Þ
eff

@wðjþ1Þ
þ
@x

þ @w
ðjþ1Þ
�
@x

" #
x¼xj

ð5:13Þ
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is no more difficult to check. Use of Eqs. (4.6) and (5.6) gives
1þ Q ðjÞ
� �

1� Q ðjþ1Þ
� �

AðjÞþ eiKðjÞ
eff

xj � BðjÞþ e�iKðjÞ
eff

xj þ AðjÞ� eiKðjÞ
eff

xj � BðjÞ� e�iKðjÞ
eff

xj

� 

¼ 1þ Q ðjþ1Þ
� �

1� Q ðjÞ
� �

Aðjþ1Þ
þ eiKðjþ1Þ

eff
xj � Bðjþ1Þ

þ e�iKðjþ1Þ
eff

xj þ Aðjþ1Þ
� eiKðjþ1Þ

eff
xj � Bðjþ1Þ

� e�iKðjþ1Þ
eff

xj

� 

: ð5:14Þ
From Eq. (4.22), one gets
1þ Q ðjÞ
� �

AðjÞþ eiKðjÞ
eff

xj þ BðjÞþ
Q ðjÞ

e�iKðjÞ
eff

xj

" #
¼ 1þ Q ðjþ1Þ
� �

Aðjþ1Þ
þ eiKðjþ1Þ

eff
xj þ Bðjþ1Þ

þ

Q ðjþ1Þ e�iKðjþ1Þ
eff

xj

" #
ð5:15Þ
which is the sum of Eqs. (4.26c) and (4.26d). So, the continuity of normal displacement at each interface x ¼ xjð1 6 j 6 N � 1Þ
is also proved. It is important here to point out that the effective mass density (cf. Eqs. (2.3) and (5.6)) defined in Section 2 is
the only one that links the acoustic displacement mean field to the pressure one in such a way that the continuity of normal
displacement at the interface between two different uniform slabs is guaranteed.

6. The reflection and transmission coefficients as debye’s series

The goal of this section is to express the reflection and transmission coefficients of the discretized slab as series involving
the reflection–transmission coefficients of each interface of the discretized slab, same way as in Eqs. (1.1) and (1.2). Such
explicit formulas indeed are much easier to handle than Eqs. (4.24) and (4.25) that impose the resolution of the linear set
of equations Eqs. (4.26): solving Eqs. (4.26), of rank 2N, becomes time-consuming with the increase of N.

Of course, there are other methods, based on transfer matrices, which can be used to express reflection and transmission
with regard to the reflection–transmission coefficients of each interface. The ones tested give exactly the same results with
comparable computation times. Debye’s series are presented here, this is a choice, because they provide an analytical and
explicit generalisation of Eqs. (1.1) and (1.2).

The reflection–transmission coefficients at the jth interface ð1 6 j 6 N þ 1Þ are found, from the boundary conditions of the
previous section, as
Rj�1j ¼ �Rjj�1 ¼
Zj � Zj�1

Zj þ Zj�1
; Tj�1j ¼

2Zj

Zj þ Zj�1
; Tj�1j ¼

2Zj�1

Zj þ Zj�1
ð6:1Þ
with Z0 ¼ ZNþ1 ¼ q1x=k1 and ð1 6 j 6 NÞ
Zj ¼ qðjÞeff

x
KðjÞeff

¼ Z0
1� Q ðjÞ

1þ Q ðjÞ
ð6:2Þ
As expected, these coefficients take the same form as the usual reflection–transmission coefficients at the interface between
two fluids [27].

In order to find the expressions of Rslab and Tslab in terms of the local coefficients of Eq. (6.1), let us consider first the dis-
cretized slab as composed of the single layer 0 6 x 6 x1 bounded by the homogeneous fluid ½x 6 0� and the multilayer
½x P x1�. The reflection coefficient of the slab can thus be written (cf. Eq. (1.1)) as
Rslab ¼ R01 þ
T01Rð1ÞslabT10e2iKð1Þ

eff
x1

1� R10Rð1Þslabe2iKð1Þ
eff

x1
ð6:3Þ
where Rð1Þslab characterizes the reflection by the multilayer ½x P x1�. Of course, Rð1Þslab is unknown at this step of the calculation.
However, it can be expressed in the same way as Rslab, by considering the multilayer x P x1½ � as composed of the single layer
x1 6 x 6 x2, bounded by the layer 0 6 x 6 x1 on its left, and by the multilayer ½x P x2� on its right,
Rð1Þslab ¼ R12 þ
T12Rð2ÞslabT21e2iKð2Þ

eff
ðx2�x1Þ

1� R21Rð2Þslabe2iKð2Þ
eff
ðx2�x1Þ

ð6:4Þ
with Rð2Þslab the reflection coefficient of the multilayer ½x P x2�. The same process is iterated until the last interface x ¼ d is

reached. Thus, the reflection coefficient RðjÞslab depends on the next one Rðjþ1Þ
slab so that RðjÞslab is well defined provided Rðjþ1Þ

slab is
known. At the last interface x ¼ d,
RðNÞslab ¼ RNNþ1 ð6:5Þ
As RðNÞslab is known, it is possible to calculate RðN�1Þ
slab and, step by step, all the other coefficients back to Rð1Þslab. It follows that Rslab is

given by Eq. (6.3) along with a relation of recurrence,
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RðjÞslab ¼ Rjjþ1 þ
Tjjþ1Rðjþ1Þ

slab Tjþ1je
2iKðjÞ

eff
ðxjþ1�xjÞ

1� Rjþ1jR
ðjþ1Þ
slab e2iKðjÞ

eff
ðxjþ1�xjÞ

ð1 6 j 6 N � 1Þ ð6:6Þ
which is initialized by Eq. (6.5) for j ¼ N.
Following the same procedure, Tslab is given by (cf. Eq. (1.2))
Tslab ¼
T01Tð1ÞslabeiKð1Þ

eff
x1

1� R10Rð1Þslabe2iKð1Þ
eff

x1
ð6:7Þ
where T ð1Þslab is the transmission coefficient by the multilayer ½x P x1�. Tð1Þslab can be expressed with regard to the transmission
coefficient by the multilayer ½x P x2�; Tð2Þslab, and so on. The relation of recurrence to be used is then
TðjÞslab ¼
Tjjþ1T ðjþ1Þ

slab eiKðjþ1Þ
eff
ðxjþ1�xjÞ

1� Rjþ1jR
ðjþ1Þ
slab e2iKðjþ1Þ

eff
ðxjþ1�xjÞ

; ð1 6 j 6 N � 1Þ and TðNÞslab ¼ TNNþ1 ð6:8Þ
This way, both the reflection and transmission coefficients are written in a compact form that is very useful for numerical
calculations. Each denominator in Eqs. (6.3), (6.6), (6.7) and (6.8) can be expanded into geometrical series that allow in turn
the expression of Rslab and Tslab as series, which are known as the Debye’s series in the framework of the Resonant Scattering
Theory [32]. These series account for all the reflections and refractions inside the discretized slab, which is considered as an
interferometer.
7. The WKB method applied to the smooth-varying slab

Once again, the starting point is the set of coupled integral equations Eq. (3.10). The variations of nðxÞ;RðxÞ, and TðxÞ are
supposed smooth, and
n0ðxÞ � nðxÞ; jR0ðxÞj � jRðxÞj and jT 0ðxÞj � jTðxÞj ð7:1Þ
In other words, both the concentration and size of the cylinders are slow varying parameters. When differentiated, Eq. (3.10)
become
w0þðxÞ ¼ ½ik1 þ nðxÞTðxÞ�wþðxÞ þ nðxÞRðxÞw�ðxÞ ð7:2aÞ
w0�ðxÞ ¼ �½ik1 þ nðxÞTðxÞ�w�ðxÞ � nðxÞRðxÞwþðxÞ ð7:2bÞ
Taking into account the assumptions in Eq. (7.1), the differentiation of Eqs. (7.2) leads to
w00�ðxÞ þ K2
eff ðxÞw�ðxÞ ffi 0 ð7:3Þ
with
K2
eff ðxÞ ¼ n2ðxÞR2ðxÞ � ½ik1 þ nðxÞTðxÞ�2 ð7:4Þ
where RðxÞ and TðxÞ are defined in Eq. (3.11). It must be noted here that the backscattering f î;�î; x
� �

and forwardscattering

f ð̂i; î; xÞ functions depend on the x-coordinate because they depend on the radius (size) aðxÞ of the cylinders. According to Eqs.
(4.1), (4.13) and (4.14), Eq. (7.4) is clearly that of Waterman and Truell [6] for a concentration and a size of the cylinders
depending on the x-coordinate. After Eq. (7.1), it follows that
jK 0eff ðxÞj � jKeff ðxÞj ð7:5Þ
which is the reason why the WKB method can be used in that case.
The WKB solution of Eq. (7.3) is very well known [27]
w�ðxÞ ¼
A�ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Keff ðxÞ
p ei

R x

0
Keff ðxsÞdxs þ B�ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Keff ðxÞ
p e�i

R x

0
Keff ðxsÞdxs ð7:6Þ
with A� and B� the unknown constants. The only way to determine them is to use the boundary conditions at x ¼ 0 and
x ¼ d. In order to do so, the following notations are introduced
nðx ¼ 0Þ ¼ n0; nðx ¼ dÞ ¼ nd; Keff ðx ¼ 0Þ ¼ Kð0Þeff ; Keff ðx ¼ dÞ ¼ KðdÞeff ð7:7Þ

hKeff i ¼
1
d

Z d

0
Keff ðxsÞdxs ð7:8Þ
with hKeff i the average effective wavenumber of the varying slab.
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Continuity of pressure reads
wþð0Þ þ w�ð0Þ ¼ 1þ Rslab and wþðdÞ þ w�ðdÞ ¼ Tslab ð7:9Þ
with
w�ð0Þ ¼ Rslab and wþðdÞ ¼ Tslab ð7:10Þ
It follows that
wþð0Þ ¼ 1 and w�ðdÞ ¼ 0 ð7:11Þ
Inserting Eq. (7.6) into Eq. (7.11) gives
Aþ þ Bþ ¼
ffiffiffiffiffiffiffiffi
Kð0Þeff

q
; A�eihKeff id þ B�e�ihKeff id ¼ 0 ð7:12Þ
Continuity of normal displacement reads
1

qð0Þeff

@wþ
@x
ð0Þ þ @w�

@x
ð0Þ

� 

¼ 1

q1

@winc

@x
ð0Þ þ @wR

@x
ð0Þ

� 

ð7:13aÞ

1

qðdÞeff

@wþ
@x
ðdÞ þ @w�

@x
ðdÞ

� 

¼ 1

q1

@wT

@x
ðdÞ

� 

ð7:13bÞ
where qð0Þeff ¼ qeff ðx ¼ 0Þ and qðdÞeff ¼ qeff ðx ¼ dÞ are the effective mass densities at the beginning and at the end of the slow-
varying slab. The x-dependence of the effective mass density is quite naturally the generalization of Eq. (2.3) to the contin-
uous counter-part of Eq. (5.6),
qeff ðxÞ ¼ q1
Keff ðxÞ

k1

1� QðxÞ
1þ QðxÞ ð7:14Þ
with (cf. Eqs. (4.1) and (4.23))
QðxÞ ¼ nðxÞTðxÞ þ iðk1 � Keff ðxÞÞ
nðxÞRðxÞ ð7:15Þ
The impedance ratios
s0 ¼
qð0Þeff k1

q1Kð0Þeff

¼ 1� Q0

1þ Q0
and sd ¼

qðdÞeff k1

q1KðdÞeff

¼ 1� Q d

1þ Q d
ð7:16Þ
are also introduced, with Q 0 ¼ Qðx ¼ 0Þ and Q d ¼ Qðx ¼ dÞ.
In the field of the WKB approximation, k1 is assumed to be large, and, as jhKeff ij is of the same order as k1, one has
@

@x
e�i
R x

0
Keff ðxsÞdxsffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Keff ðxÞ
p

24 35 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Keff ðxÞ

q
�i� 1

2K2
eff ðxÞ

" #
e�i
R x

0
Keff ðxsÞdxs ffi �i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Keff ðxÞ

q
e�i
R x

0
Keff ðxsÞdxs ð7:17Þ
As a consequence, once Eq. (7.6) is introduced in Eq. (7.13), and Eq. (7.17) taken into account, one gets
ð1þ Q 0ÞAþ � ð1þ Q0ÞBþ þ 2A� � 2Q 0B� ¼
ffiffiffiffiffiffiffiffi
Kð0Þeff

q
ð1� Q 0Þ ð7:18aÞ

2Q dAþeihKeff id � 2Bþe�ihKeff id þ ð1þ Q dÞA�eihKeff id � ð1þ Q dÞB�e�ihKeff id ¼ 0 ð7:18bÞ
The solution of the set of linear equations Eqs. (7.12 and 7.18) is given by
Aþffiffiffiffiffiffiffiffi
Kð0Þeff

q ¼ 1� ð1þ Qd � Q0Þe2ihKeff id

ð1� e2ihKeff idÞð1� Q 0Q de2ihKeff idÞ
;

A�ffiffiffiffiffiffiffiffi
Kð0Þeff

q ¼ �Q 0 þ Q de2ihKeff id

ð1� e2ihKeff idÞð1� Q 0Q de2ihKeff idÞ
ð7:19aÞ

Bþffiffiffiffiffiffiffiffi
Kð0Þeff

q ¼ Q d � Q0 � Q0Q dð1� e2ihKeff idÞ
ð1� e2ihKeff idÞð1� Q 0Q de2ihKeff idÞ

e2ihKeff id;
B�ffiffiffiffiffiffiffiffi
Kð0Þeff

q ¼
Q0 � Qde2ihKeff id

 �

e2ihKeff id

ð1� e2ihKeff idÞð1� Q 0Q de2ihKeff idÞ
ð7:19bÞ
Finally, the reflection and transmission coefficients can be calculated from Eqs. (7.6) and (7.10),
Rslab ¼
�Q 0 þ Q de2ihKeff id

1� Q0Q de2ihKeff id
¼ ðs0 � 1Þð1þ sdÞ þ ðs0 þ 1Þð1� sdÞe2ihKeff id

ðs0 þ 1Þð1þ sdÞ þ ðs0 � 1Þð1� sdÞe2ihKeff id
ð7:20aÞ

Tslab ¼

ffiffiffiffiffiffiffiffi
Kð0Þeff

q
ffiffiffiffiffiffiffiffi
KðdÞeff

q ð1þ Q dÞð1� Q 0ÞeihKeff id

1� Q 0Q de2ihKeff id
¼

ffiffiffiffiffiffiffiffi
Kð0Þeff

q
ffiffiffiffiffiffiffiffi
KðdÞeff

q 4s0eihKeff id

ðs0 þ 1Þð1þ sdÞ þ ðs0 � 1Þð1� sdÞe2ihKeff id
ð7:20bÞ
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In the case where the features of the slab are the same at the beginning and at the end, i.e. nd ¼ n0;K
ðdÞ
eff ¼ Kð0Þeff ;q

ðdÞ
eff ¼ qð0Þeff and

Qd ¼ Q 0, Eq. (7.20) come down to
Fig
Rslab ¼
ðs2

0 � 1Þ þ ð1� s2
0Þe2ihKeff id

ð1þ s0Þ2 � ð1� s0Þ2e2ihKeff id
; Tslab ¼

4s0eihKeff id

ð1þ s0Þ2 � ð1� s0Þ2e2ihKeff id
ð7:21Þ
These expressions are formally identical to those given by Twersky in Ref. [16] (cf. Eqs (3.14)) for a uniform slab. The differ-
ence lies in the introduction of hKeff i instead of Keff , as the latter is not a constant. The varying slab is thus equivalent to a
uniform slab characterized by the impedance ratio s0 at the interfaces and by the average effective wavenumber hKeff i that
describes the propagation of the average coherent wave.

When the characteristics at the two interfaces of the slab are different, two impedance ratios s0 and sd are required, and
the expressions of the reflection and transmission coefficients are a little bit more complicated (cf. Eqs. (7.20)). In this case,
the reflection and transmission coefficients look like those of a fluid plate surrounded by two different homogeneous fluids
(cf. Ref. [27] p. 28)].

Let us consider now the reflection–refraction coefficients at the two interfaces of the slab (the homogeneous fluids ½x 6 0�
and ½x P d� are labeled 0 and d, the varying slab is labeled 1)
R01 ¼ �R10 ¼
s0 � 1
1þ s0

; T01 ¼
2s0

1þ s0
and T10 ¼

2
1þ s0

ð7:22aÞ

R1d ¼ �Rd1 ¼
sd � 1
1þ sd

; T1d ¼
2sd

1þ sd
and Td1 ¼

2
1þ sd

ð7:22bÞ
The reflection and transmission coefficients in Eq. (7.20) can be written as
Rslab ¼ R01 þ
T01R1dT10e2ihKeff id

1� R10R1de2ihKeff id
; Tslab ¼

T01T1deihKeff id

1� R10R1de2ihKeff id
ð7:23Þ
The varying slab can still be considered as an interferometer.
As discussed in the introduction, the impedance ratios s0 and sd are close to unity at low concentration, so that

R01 ffi R1d ffi 0; T01 ffi T1d ffi 1 (cf. Eqs. (7.22)), and Tslab ffi eihKeff id (cf. Eq. (7.23)). This means that transmission experiments
can bring no information on Keff ðxÞ, but only on its average hKeff i. Two different varying-slabs, with Kð1Þeff ðxÞ – Kð2Þeff ðxÞ, can give
rise to the same average transmitted field, provided that Kð1Þeff i ¼ hK

ð2Þ
eff

D E
. It seems thus rather hopeless to try and identify the

profile ðnðxÞ;RðxÞ; TðxÞÞ of a varying-slab with the help of such a theory.

8. Numerical results

Computations are performed for a space-varying slab characterized by
nðxÞ ¼ nmaxe�ðx�d=2Þ2=r2 0 6 x 6 d

0 otherwise

(
with r2 ¼ d

2

� 	2
,

ln
nmax

nmin

� 	
ð8:1Þ
and aðxÞ ¼ 1 mm the radius of all cylinders. In Eq. (8.1), nmax ¼ 104=m2 and nmin ¼ nmax=3 are, respectively, the maximum and
minimum numbers of steel cylinders per unit surface. Eq. (8.1) describes a truncated Gaussian function for which
nðd=2Þ ¼ nmax and nð0Þ ¼ nðdÞ ¼ nmin, as shown in Fig. 5. The thickness of the slab is d ¼ 0:1 m. As the size of the cylinders
is constant all over the slab, so are the forward and backward scattering amplitudes f ð̂i;�îÞ. Steel is characterized by its den-
. 5. Average number of steel cylinders per square meter in the thickness of the slab: nðxÞ is the truncated Gauss function defined in Eq. (8.1).
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sity qs ¼ 7916 kg=m3, the velocity of the longitudinal waves cL ¼ 6000 m=s, and that of the shear waves cT ¼ 3100 m=s. The
cylinders are immersed in water, characterized by its density q1 ¼ 1000 kg=m3 and the velocity of sound c1 ¼ 1470 m=s.

First, the space-varying slab is discretized into N layers of thickness e ¼ d=N. The reflection and transmission coefficients
are then calculated from Eqs. (4.24) and (4.25) after inversion of the linear set of equations (Eqs. (4.26)). The order of con-
vergence is N ¼ 10 for the transmission coefficient, while it is equal to 321 for the reflection coefficient. Once the conver-
gence is assured, the moduli of the two Fresnel coefficients are plotted in Figs. 6 and 7 versus the reduced frequency k1a.
In order to understand the difference between the two convergence orders, the reflection coefficient is plotted in Fig. 8
for N ¼ 70. Compared to Fig. 6a, periodically spaced spurious peaks are observed at reduced frequencies
k1a ¼ 2:2; k1a ¼ 4:4; k1a ¼ 6:6 and k1a ¼ 8:8. They correspond to the first four resonances of a single layer ð1 6 n 6 4Þ:
Fig. 6.
cylinde
ðkeff ’ kÞ; nkeff =2 ¼ e() k1a ’ nðNpa=dÞ: ð8:2Þ
In Eq. (8.2), keff is the wavelength of the coherent wave in a layer, which, while depending on that layer, is nonetheless quite
close to the wavelength k in water. Such spurious resonances appear, whatever the value of N, but they are shifted towards
higher frequencies as N increases, as shown in Eq. (8.2). For N ¼ 320, the first one occurs at k1a ¼ 10:005, so that it is out of
the frequency window of Fig. 6a. In other words, the convergence order for the reflection coefficient depends on the fre-
quency range investigated. It would be N ¼ 640 for the frequency range 0 6 k1a 6 20. The reason why such spurious reso-
nances are not visible on the plots of the transmission coefficient modulus is not quite clear. It is likely that the interferences
in the transmission process involve the coherent waves in all the layers, while only those in the very first layers, which are
less absorbing than the middle ones, do contribute to the interferences in the reflection process. More accurately, as the con-
centration of scatterers varies slowly from one layer to its neighbor, so does the effective wavelength; the interferences are
only weakly destroyed from one layer to the other but can be cancelled when all the layers are involved due to cumulative
effects.

The reflection and transmission coefficients are calculated much faster from the Debye’s series in Eqs. (6.3) and (6.8). The
curves obtained are exactly the same as that plotted in Figs. 6–8, meaning that the spurious peaks are actually due to single
(a) Modulus of the reflection coefficient of the space-varying slab obtained with N P 321. Arrows indicate the resonance frequencies of the steel
rs and (b) same as (a) for 0 6 k1a 6 2.



Fig. 7. Modulus of the transmission coefficient of the space-varying slab obtained with N P 321. Arrows indicate the resonance frequencies of the steel
cylinders.

Fig. 8. Modulus of the reflection coefficient of the space-varying slab obtained with N ¼ 70. Arrows indicate the spurious peaks associated to resonances of
the uniform sub-layers.
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layer resonances, not to an ill-conditioned computation. This result proves also, if necessary, that both the mass densities and
the boundary conditions, defined in Section 6 and used in the calculation of the Debye’s series, are correct.

Use of the even faster WKB method (Eq. (7.21)) leads to the same results than that plotted in Figs. 6 and 7. This shows that
the WKB method is relevant, even though the distribution in Fig. 5 is not as slow-varying as the first condition in Eq. (7.1)
would require (jn0ðxÞ=nðxÞj reaches as much as 40 on both sides of the slab).

In order to get still shorter computation times, consider now a uniform slab, characterized only by the average number of
cylinders:
hni ¼ 1
d

Z d

0
nðxsÞdxs ð8:3Þ
which, in the case considered here, is around 7286 m�2. Is that new-defined slab equivalent to the space-varying one? The
coherent waves in that slab propagate with a wavenumber hKeff i given by Eq. (8.4)
hKeff i2 ffi k1 þ
2hni
ik1

f ð̂i; îÞ
� 
2

� 2hni
ik1

f ð̂i;�îÞ
� 
2

ð8:4Þ
and its mass density is supposed to be
qeff ffi q1
hKeff i

k1

1� hQi
1þ hQi ; hQi ffi

2hni
k1

f ð̂i; îÞ þ iðk1 � hKeff iÞ
2hni
k1

f ð̂i;�îÞ
ð8:5Þ



Fig. 9. Modulus of the reflection coefficient of the space varying slab. Lower curve: exact value obtained for N P 321. Upper curve: approximate value
corresponding to a single uniform slab characterized by the average number hni of cylinders as defined in Eq. (8.3).
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Its transmission and reflection coefficients can be calculated therefore. The modulus of the transmission coefficient obtained
is pretty much the same than that plotted in Fig. 7, but Fig. 9 shows that the reflection coefficient is larger than that of the
original space-varying slab. The average effective wavenumber hKeff i is well approximated from Eq. (8.4), which is the reason
why the oscillations of the two reflection coefficients are practically in phase. Consequently, it is the effective masse density
qeff given by Eq. (8.5) that is not correct. As shown by the WKB method, it is the effective masse densities qð0Þeff and qðdÞeff at the
beginning and at the end of the varying slab which must be taken into account. In our case, qeff given by Eq. (8.5) overesti-
mates the effective masse density qð0Þeff ¼ qðdÞeff .

9. Conclusion

Three different expressions have been found for the reflection and transmission coefficients of a space-varying slab at
large frequency and low concentration of scatterers. The first two involve the discretization of the properties of the slab.
One is obtained after inversion of a linear set of equations of rank 2N, with N the number of layers introduced by the dis-
cretization. The other is the expression of the reflection and transmission coefficients as Debye’s series, which are less time
consuming. The third expression follows from the use of the WKB Method. All three of them give the same numerical results
for a smooth space-varying slab. The three most important results are: (1) Use of the WKB method is relevant for the study of
the propagation of coherent waves through a smooth space-varying slab. (2) The method of discretization is efficient insofar
as the discretization order is carefully chosen. (3) Once the effective mass density is defined correctly, the boundary condi-
tions, at the interface between a homogeneous fluid and an effective medium, as well as between two different effective
media are fulfilled. These are the continuity of pressure and of normal displacement.
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